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Abstract

The electronic structures of the earlier lanthanide and actinide elements are considered, and

especially cohesive properties and crystal structures are used to demonstrate the deep involvement

of the f electrons in the metallic bonding. The recent observation for samarium of a bct structure

at a pressure of about 1 Mbar suggests that the 4f electrons at these conditions have become

itinerant, and, in addition, the observed axial ratio (c/a) is only reproduced from a calculation

with a ferromagnetic ordering of the itinerant (metallic) 4f electrons. As a consequence of this

interpretation of the observed data, a thorough experimental investigation of the crystal structure

behaviour of the lanthanides in the megabar pressure range, in particular for the elements Nd-Tb,

should be very fruitful. For the earlier actinide elements the ground state crystal structures have

recently been obtained theoretically and shown to originate from itinerant 5f electrons. Thus,

for the first time, the crystal structure of Pu has been derived from basic electronic structure

calculations. This firmly establishes that there is a profound change in the behaviour of the

5f electrons when proceeding from Pu to the next element Am. Recent theoretical work on

the pressure-temperature phase diagram of cerium, where the Mott transition picture of the γ–

α transformation is extended to finite temperatures, is reviewed. The high pressure phase of

praseodymium is also discussed in terms of itinerant 4f electrons. This picture fits nicely with

the behaviour of highly compressed samarium metal mentioned above. Accordingly, the normally

localized 4f electrons can be transformed into a radically new electronic configuration by high

pressure.

1 Introduction

Since the present symposium is devoted to metallic magnetism it might seem fairly
inappropriate to discuss systems with itinerant f electrons, since most of these
systems do not order magnetically. Nevertheless, at the planning stage of the con-
ference program, Allan Mackintosh assured us that this topic was central to the
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meeting and that no excuses for the subject were necessary. It remains true that
the expectations of finding magnetism in these systems are so high, that its very
absence creates a special need for an understanding of the underlying reasons for
this unexpected behaviour. In the present contribution we will however limit our-
selves to some recent developments where we have been involved, but also restrict
ourselves to the behaviour of the condensed phase of some pure elements of partic-
ular interest. In doing this, we will pay particular attention to the actual crystal
structure adopted by the atoms in the solid. We demonstrate that the crystal
structure provides us with important data for formulating a deeper understanding
of these systems. We also refer to some review articles where a more complete ac-
count of the lanthanide and actinide electronic structure has been given (Johansson
and Brooks, 1993; Brooks et al., 1984). In another review article by Brooks and
Johansson (1993) the magnetic effects are especially stressed. Despite the rather
general absence of magnetism in itinerant f systems, the theoretical studies of
samarium at high pressure suggest that a completely new research field of itinerant
magnetism has been discovered, namely lanthanides at a pressure of 1 Mbar.

The electronic structure determines the ground state crystalline atomic arrange-
ment. Consequently, the experimentally observed crystal structures contain impor-
tant information about the basic nature of the corresponding electronic configu-
ration. This is especially so when one deals with a system displaying an unique
crystal structure, not observed for any other system. This is certainly the case
for the α-Pu phase, which has 16 atoms per unit cell. In those particular cases
where in addition there is also a crystal structure change observed as a function of
volume, one is provided with even more detailed facts that have to be matched by
theory. This is one of the reasons why high pressure experiments are particularly
useful to monitor the accuracy of the theoretical treatment. It so happens that for
the 4f and 5f elements there are a number of crystal structure transformations
which take place both as a function of pressure or as a function of alloying. These
circumstances provide further input to an accurate study of the lanthanides and
the actinides, but have not yet been fully exploited.

There is also another circumstance that makes investigations of the rare-earth
systems particularly challenging for theory. Namely that for some systems un-
der compression, most dramatic electronic phase changes might take place, being
accompanied by colossal volume collapses when compared to normal crystalline
phase transitions in metallic systems. These changes involve the nature of the 4f

electrons and their transformation between on the one hand localized non-bonding
magnetic moments and on the other hand strong metal bonds. This is an example
of a Mott transition between an insulating state and a metallic state within the 4f
shell, a phase transformation that takes place in the presence of a conduction band
built up from s, p, and d orbitals occupied by approximately three electrons. The
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most well-known example of this is of course the γ–α transition in cerium. The
particular significance of the volume collapse in cerium is due to the fact that the
transformation does not involve a change of the crystallographic structure, i.e. the
crystal structure is fcc on both sides of the transition.

2 Atomic volume

In Fig. 1 we show the atomic volumes of most of the metals in the Periodic Ta-
ble. The most obvious feature is the similarity between the d transition elements,
in particular between the 4d and 5d metals. Also the volume of the 3d elements
display an essentially parabolic variation, although there are clear deviations for
Mn, Fe and Co, a fact which can be assigned to their magnetic properties. The
parabolic behaviour originates from the metallic bonding of the d electrons, where
for the earlier elements of the d transition series the bonding part of the d band is
being occupied and for the heavier elements the anti-bonding part of the d band
is becoming filled. This regularity among the d elements is quite well understood
today and indeed electronic structure calculations, utilizing the local density ap-
proximation for the exchange and correlation energy, have been very successfully
applied to these elements during the last ten years or so. This theory can easily
be extended so that magnetism can be treated as well. Thereby the anomalous
volumes of the magnetic 3d elements can be explained as a consequence of the
magnetization, which removes part of the original metallic bonding. This loss of
bonding is partly compensated by a corresponding gain in exchange energy due to
polarization of the electron spins.

A most interesting feature in Fig. 1 is the behaviour of the lanthanides. As
can be seen there is only a very small volume contraction as one proceeds through
the series. The similarity between the individual elements is explained as due to
the fact that all the elements have three valence electrons, starting and ending
with the two obvious cases lanthanum and lutetium having zero and fourteen 4f

electrons, respectively, and therefore three valence electrons filling the conduction
band formed from 6s, 6p and 5d orbitals. The two elements Eu and Yb have only
two valence electrons and therefore their equilibrium volumes are distinctly higher
than for the other trivalent lanthanides. Another point to notice is that the atomic
volume for cerium in the α-phase deviates considerably from the general behaviour
of the lanthanide elements. Later we will show that this is due to itinerant 4f
electrons, a property which is in contrast to all the other lanthanides where the 4f

electrons are localized with an integral occupation of the atomic-like f level, 4fn.
Turning now to the actinide series a most interesting and challenging behaviour

can easily be distinguished. In the beginning of the series we notice once more a
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Figure 1. The experimental equilibrium atomic volumes of the 3d, 4d and 5d transi-

tion metals, the lanthanides and the actinides. The low volume data for the earlier

lanthanides and the transplutonium elements are estimations of the equilibrium

volumes for the case that the f electrons were itinerant (and paramagnetic).

parabolic decrease of the atomic volume as a function of the atomic number. Then
suddenly, between Pu and Am, there is a dramatic change and the volume increases
by about 50%. Thus, a drastic transformation of the electronic structure must take
place between Pu and Am. This difference has been explained as a transition from
metallic to insulating 5f electron behaviour and a good account of the volumes for
the earlier actinides as well as the volume jump between Pu and Am has already
been obtained in the work by Skriver et al. (1978 and 1980).

From Am and onwards the atomic volumes behave very similar to the lan-
thanides. It is only when we arrive at Es that there is another distinct difference
between the lanthanides and actinides, since the deviating Es volume is not ob-
served for the corresponding 4f element, Ho. The reason is that several of the
late actinide elements will be divalent in the metal phase (Johansson, 1978) in
contrast to the heavy lanthanides where only Yb is found to be divalent in the
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metallic state. We also notice from Fig. 1 that Am is trivalent, in clear contrast
to its corresponding element among the lanthanides, Eu, which is divalent. This
difference is well understood and has led to the prediction of superconductivity in
Am (Johansson and Rosengren, 1975a), which later was confirmed experimentally
(Smith and Haire, 1978).

Once more we emphasize that at zero pressure there is a profound difference
between the early and late actinide metals, in the sense that the 5f electrons are
itinerant (metallic) for the elements up to and including Pu, while they are localized
and non-bonding (atomic-like) for the elements beyond Pu (Johansson, 1975). Thus
in this respect the later (heavier) actinides and their 5f electrons behave like most
of the lanthanides with their localized 4fn atomic-like configurations. On the other
hand, among the lanthanides the first element with a substantial occupation of the
4f shell, i.e. cerium, shows already at rather low pressures or at low temperatures a
behaviour very reminiscent of the early actinides (Johansson, 1974). Thus for the
actinides there are five elements (Th-Pu) showing itinerant 5f behaviour before
localization sets in when the atomic number is increased from Pu to Am, while for
the lanthanides only one element exhibits 4f itinerant properties, i.e. cerium, and
thereafter localization is energetically favoured for all the heavier 4f elements. We
illustrate this by arranging the actinides relative to the lanthanides introducing a
displacement in atomic number (Johansson and Rosengren, 1975a):

Ce Pr Nd Pm Sm Eu Gd
Th Pa U Np Pu Am Cm Bk Cf Es Fm

(The physical reason for this displacement is the larger spatial extent of the 5f

orbital as compared to the 4f orbital for the corresponding element.) This suggests
a most interesting connection between the 4f and 5f series, but this has not yet
been fully explored.

Further evidence of the validity of this picture comes from the fact that the
element following cerium, i.e. praseodymium, shows a volume collapse (Smith and
Akella, 1982; Grosshans et al., 1983) of about 10% at 200 kbar and that this dense
phase shows similarities with the early actinides. Thus application of a moderate
pressure moves the division line between itinerant and localized 4f behaviour one
atomic number upwards so that now, at these new external conditions (i.e. a pres-
sure of about 220 kbar or so), two lanthanide elements show correspondence to the
early actinides. The important conclusion is that depending on the external pres-
sure, more than one element of the lanthanides can be brought into a state with
close similarities to the early actinides. This relationship between the two f series
was pointed out more than twenty years ago and a generalized phase diagram for
the actinides was constructed (Johansson 1974) and compared with the individ-
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Figure 2. Melting temperatures for the actinide elements (left) and the P −T phase

diagram for cerium (right) (Johansson, 1974). The effect of pressure on an individual

element is to make it behave more similarly to its predecessor in the series. This

is schematically indicated by a tentative pressure axis on the left. The indicated

transition line for the transition between localized and itinerant 5f behaviour (Mott

transition) as a function of atomic number Z (or pressure for an individual element)

has been included schematically. Its extension to the minimum point of the melting

curve has been drawn as a suggestive analogy to the behaviour in cerium metal.

Also, in the P −T phase diagram for cerium an extension of the γ–α transition line

to the minimum of the melting temperature is indicated by a dashed line.

ual pressure-temperature phase diagram for cerium metal (Fig. 2). This diagram
for the actinides was later developed further by Kmetko and Smith (1983), who
constructed a generalized phase diagram for actinide alloy systems, i.e. for alloys
between actinide metals.

3 Crystal structure for itinerant f-electron

systems

Turning to the complex structures associated with the itinerant f electrons, there
has very recently been some substantial progress in the theoretical understand-
ing. Wills and Eriksson (1992) showed that the ground state crystal structure
for Pa is the bct phase, in good agreement with the data available at ambient
conditions. For the next element, U, they indeed obtained that α-U is the most
stable phase, as required from experiments. However, it is interesting to notice
that at high pressures the high symmetry bcc structure is found to become sta-
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ble. Söderlind et al. (1994a, 1995a) investigated the Np metal in two papers, the
first of which utilized the LDA approximation to the exchange-correlation energy
functional, and the second of which applied the more involved GGA approxima-
tion. In Fig. 3 we show the energy versus volume diagram for Np obtained by
Söderlind et al. (1995a). As can be noticed, the α-Np phase is calculated to be the
most stable crystal structure at equilibrium and for small pressures. At high pres-

Figure 3. Calculated total energies as a function of volume for the α-Np, β-Np,

α-U, bct, bcc, hcp, and fcc crystals of neptunium metal. The points represent

calculated values and the solid lines connecting them show the Murnaghan functions

as obtained by a least-square fit to the calculated energies.

sures, we again find that the bcc structure is the most stable form. Just recently
Söderlind et al. (1997) completed a similar study for Pu metal, where the observed
low temperature phase is a monoclinic phase with a wide range of different nearest
neighbour distances and as many as 16 atoms per unit cell. Also here the computed
theoretical data agree well with known experimental data. Again the bcc struc-
ture is found to be the most stable structure at high pressure conditions (Fig. 4).
This agreement concerning the equilibrium crystal structure is most satisfactory in
view of the complexity of the structure of the plutonium metal. This shows that
full-potential electronic structure methods combined with an appropriate density
functional treatment of the electron–electron interaction are capable of treating
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Figure 4. Total energy for plutonium, calculated in the α-Pu, α-Np, β-Np, α-U,

bct (c/a = 0.85), hcp (ideal c/a), and fcc crystal structures, relative to the bcc

structure, as a function of volume.

as heavy elements as the actinides with the same accuracy as for the d transition
elements. With this achievement one may conclude that theory has demonstrated
its wide versatility as regards the electronic structure of the metallic Elements.

Söderlind et al. (1995a) also analyzed their results in terms of a canonical treat-
ment of the f states and the crystal structure stabilities as a function of f band fill-
ing. Such a comparison is only meaningful between the fcc, hcp and bcc structures
which have almost identical Madelung energies. This comparison is reproduced in
Fig. 5. One notices in particular the strong preference of the bcc structure for the
elements beyond uranium. However, this structure is not observed experimentally
for volumes close to equilibrium conditions. Instead heavy displacements of the
atoms distort the bcc structure into low symmetry phases. This is possible ener-
getically since the states driving these distortions are the narrow f bands close to
the Fermi energy. For compressed volumes the f bandwidth will have increased
to such an extent that distortions are no longer energetically favoured. From the
behaviour of the canonical one-electron energy sums it is obvious that the bcc
structure should be the favoured one at these wide-band conditions. Nevertheless,
and unfortunately, at present it seems very difficult to produce a theoretical ex-
planation for the occurrence of the actinide structures with the same simplicity
as is found for the d transition elements. However, one may still clam that a big
step in this direction has been taken for the actinides. Namely, that the equilib-
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Figure 5. Canonical f band structural energy differences (arbitrary units) as a

function of f band occupation. The fcc canonical energy defines the zero energy

level of the plot. Calculated equilibrium f band occupations for the light actinides

(Th-Pu) are also shown as vertical lines.

rium volume structures can be considered as based upon the bcc structure, which
undergoes a substantial distortion due to the narrow f band states. Söderlind et
al. (1995b) also performed an interesting study of two d transition metals and one
simple metal, which is highly relevant to the present discussion. They expanded
the Fe, Nb, and Al metals, and investigated the structure stability as a function
of expansion. The most interesting observation was that for all three of these
metals, the α-U structure becomes favoured relative to the structure observed at
normal conditions. Thus, again the very fact that the dominant bonding states
narrow their energy bandwidth upon expansion makes it energetically favourable
to undergo distortions away from high symmetry structures. Therefore it is not
primarily the f orbital character that determines the crystal structure, but rather
the bandwidth of the bonding orbitals is of decisive importance for a distorted
metal. The canonical structure sequences as a function of band-filling are however
different between for example d and f bands. The difficulty in finding a simple the-
ory for distorted structures depends on the large difference between the Madelung
energies for the different structures. For the d transition metals, where, based on
experimental data, one may allow oneself to restrict the comparison to the three
main metal crystal structures – bcc, hcp, and fcc – one can to a good accuracy
neglect the difference between the Madelung sums for the three structures, thereby
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gaining enormously in simplicity. Nevertheless, as regards the crystalline forms of
the metal elements, we believe that a great step forward has been taken towards a
general capability to handle the basic interactions giving rise to the wide range of
crystal structures observed among the elements. The fact that we can treat the 5f

elements and the d elements equally well means that today we essentially cover the
whole Periodic Table, and as regards crystal structure studies we see no particular
limitation of the present local density approximation.

In this context it is also of interest to consider thorium metal. For a long time
the observed fcc crystal structure was taken as evidence for a normal transition
metal behaviour dominated by the d electron character. However it was recently
shown (Ahuja et al., 1995) that this is not at all the case, since instead a regular
tetravalent d transition metal should either have an hcp, bcc or ω-structure. It was
only when the presence of some 5f character in the conduction band was included
in the theoretical treatment that the observed fcc structure could be reproduced.
Therefore, actually all the metals Th-Pu can be said to have anomalous crystal
structures when compared to the rest of the periodic system. It is most important
to notice that these structures can only be explained by the bonding properties
of the itinerant 5f electrons. Thus, the recent theoretical work regarding the
actinide crystal structures has shown that the earlier theory regarding the cohesion
of these metals is correct, namely that the lighter elements form a unique series of
metals with 5f electrons as the dominant part of the metallic bonding and that the
heavier elements behave as a second rare-earth series with atomic-like 5f electrons
(Johansson, 1975; Johansson and Rosengren, 1975b).

4 Local-moment collapse in compressed Sm metal

Recent developments of the experimental high pressure technique have made it
possible to study materials at static pressures in the Megabar range (Mao et al.,
1989; Vohra and Ruoff, 1990). One can now begin to investigate solids under new
experimental conditions, where the volume is reduced to typically half of its normal
value (V/V0 = 0.5, where V0 is the equilibrium volume). It has therefore become a
great challenge for theory to cover this new physical regime for various classes of
materials.

The magnetic rare-earth metals are especially interesting in connection with
extreme compressions. Normally, in most cases the 4f electrons are localized and
the associated magnetic moments are very well described by atomic theory (Jensen
and Mackintosh, 1991). This fact forms the basis for the so-called standard model
for rare-earth systems. Furthermore, the lanthanides are well understood from a
trivalent picture (Ce, Eu, and Yb are exceptions) and the metallic bond originates
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from a rather broad conduction band containing three (spd) electrons. The trivalent
metals crystallize in hexagonal close packed structures (hcp, Sm-type, and dhcp).
Theoretical calculations (Duthie and Pettifor, 1977; Skriver, 1985) show that the
crystal structure sequence is correlated with the d occupation of the valence band
[or to a related quantity, the ratio between the metallic and ionic radii (Johans-
son and Rosengren, 1975a)]. It has actually been demonstrated that the crystal
structure sequence found when traversing the lanthanide series, dhcp → Sm-type
→ hcp, originates from the decreasing d occupation. Also, applying pressure to
a late lanthanide metal increases the d character of the metallic bond and corre-
spondingly the reversed structure sequence, hcp → Sm-type → dhcp, is observed.
At sufficiently high pressure the trivalent lanthanide metals transform first to the
fcc structure and then to a trigonal distortion of the fcc structure (Vohra et al.,
1991; Staun-Olsen et al., 1991; Grosshans and Holzapfel, 1992). Hence, all previous
high pressure work show transitions between close packed structures, and the un-
derstanding of this behaviour is based on a trivalent ground state with chemically
inert 4f electrons (Johansson and Rosengren, 1975). However, relatively recent ex-
perimental high pressure work (Vohra et al., 1991) showed that at around 1 Mbar
Sm adopts a quite unique body centered tetragonal (bct) structure. Such kind of
structures (open, low symmetric) have previously mainly been found in delocalized
f metals and in the present context it is tempting to associate the bct structure
with an onset of f bonding (Johansson, 1974).

With this in mind Söderlind et al. (1993) performed a study of Sm at these
new extreme conditions. In order to determine when the 4f states might become
itinerant in Sm, these authors compared the bonding energy associated with de-
localized f states with the atomic polarization energy (E(pol)) associated with
localized f states. To do this they had to compare the total energy between two
different electronic states for highly compressed samarium, namely the standard
localized 4f5(6G 5

2
) trivalent metallic state and the itinerant 4f state, where for

the latter not only the spd states but also the f states are part of the conduction
band. The total energies for the two phases were calculated using a full potential
linear method (FPLMTO) (Wills and Cooper, 1987). These calculations make no
shape approximation for the charge density and potential and are based on the lo-
cal density approximation of the density functional theory. For the localized phase
the 4f states were treated as part of the core and with a statistical occupation of
the 4f 5

2
and 4f 7

2
levels, which corresponds to the grand barycentre for the atomic-

like 4f5 manifold.The total energies for the two phases will therefore be directly
comparable if the energy difference between the grand barycentre and the lowest
atomic multiplet is taken into account for the trivalent state (Johansson et al.,
1980; Johansson and Skriver, 1982). This energy, E(pol), is known to be 5.8 eV
from analysis of atomic spectra (Nugent, 1970).
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At zero pressure the crystal structure of samarium metal is a 9 layer stack-
ing sequence of hexagonal planes (Sm-structure) and the experimental equilibrium
atomic volume V0 is equal to 33.2 Å3. However, as mentioned above it is well-known
that the lighter lanthanides under high pressure transform into the fcc structure
(Vohra et al., 1991). Therefore Söderlind et al. (1993) used the fcc structure in
the calculations for the standard local moment, trivalent samarium metal and for
the itinerant state they used the experimentally reported high pressure structure,
bct (with the observed axial ratio c/a = 1.76). For the study of the local moment
collapse these particular choices of structures are however not crucial.

By introducing the atomic energy, E(pol), Söderlind et al. (1993) could perform
a proper energy comparison between the localized and itinerant states from first
principles calculations of the total energies as a function of volume (Johansson
and Skriver, 1982). This comparison is shown in Fig. 6, where the total energy
has been plotted as a function of volume both for the delocalized and localized
phases. Notice that there is a transition from the localized fcc phase at 18.3 Å3

Figure 6. Total energies for Sm with localized (thin line) and delocalized (thick

line) 4f electrons. The energy for the localized phase is corrected by the polar-

ization energy E(pol) in order to account for the lowest multiplet state of the 4f5

configuration (see text). The transition pressure is obtained from the common tan-

gent construction.
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to the delocalized bct phase. The transition pressure, obtained from the common
tangent shown in Fig. 1, is 0.8 Mbar. This result is consistent with the experimental
finding of a bct structure being stable at high compressions, since it is known that
chemically bonding f electrons favour open, low symmetry structures (Johansson,
1974). However, experimentally the volume collapse associated with the bct phase
is much smaller than the calculated value, a point we will return to below.

The validity of the finding that the highly compressed phase of Sm has delocal-
ized 4f states, can be further investigated by consideration of the crystallographic
parameters, like for example the c/a axis ratio of the bct structure. This is in fact
a very sensitive test, since crystal structure energy differences are very small and
sensitive to the details of the electronic structure. Söderlind et al. (1993) treated
the 4f states as delocalized and calculated the total energies of Sm using three dif-
ferent crystal structures; fcc, bct, and the orthorhombic α-U structure. The α-U
structure was included since this structure is found in many delocalized f electron
systems [U (Zachariasen, 1952); Ce (Ellinger and Zachariasen, 1974); Pr (Smith
and Akella, 1982; Grosshans et al., 1983) and Am (Benedict, 1984)]. This was
done at volumes where it is known experimentally that the bct structure is stable,
with a c/a ratio of 1.76. For the α-U structure the crystallographic parameters
corresponding to α-Ce were used. These calculations covered the volume range
0.3 < V/V0 < 0.4. It was found that the bct structure is favoured over the α-U
structure (by about 4–8 mRy/atom) as well as over the fcc structure (by 10–30
mRy/atom). It was due to the presence of itinerant f states in the theoretical
treatment that the bct structure obtained the lowest energy.

To further illustrate the importance of the f electrons for the crystal structure
Söderlind et al. (1993) calculated the energy of the Bain path (total energy as a
function of the c/a ratio for the bct structure) for both delocalized and trivalent
Sm at a compression V/V0 = 0.37 (Fig. 7). It is worthwhile to remark here that
the bct structure is the same as the bcc structure for c/a = 1 and the same as the
fcc structure for c/a =

√
2. Fig. 7 shows that for the trivalent localized 4f config-

uration the bcc structure is stable, in disagreement with the experimental finding.
However, the delocalized (paramagnetic) configuration yields the correct structure,
bct. Hence, only for delocalized states could Söderlind et al. (1993) reproduce the
correct structure. However, the calculated c/a ratio (1.95) is substantially larger
than the experimental data (1.76). This large disagreement indicates that the 4f

contribution to the bonding is overemphasized. However, in these calculations a
paramagnetic state was imposed. Removing this restriction and allowing the sys-
tem to break the spin degeneracy, a very substantial spin moment was obtained,
which is displayed in Fig. 8 as a function of volume for the ferromagnetic state.
Notice that at volumes where one finds the delocalized phase to be stable (see Fig.
6) the magnetic moment is changing quite dramatically as a function of volume.



198 B. Johansson and H. L. Skriver MfM 45

Figure 7. Theoretical Bain path for Sm at 37 % of the experimental volume. The

thin full-drawn and bold full-drawn lines refer to a treatment of the 4f electrons as

itinerant-paramagnetic and itinerant-spin polarized, respectively. The dotted line

represents the result for the localized phase, where the 4f electrons are considered

as part of the inert core.

Nevertheless, at the transition volume the spin moment is substantial, about 4
µB. An account of this ferromagnetic state in the theoretical equation-of-state
would decrease most significantly the volume collapse ascribed to the delocaliza-
tion process (compare above). At sufficiently low volumes the moment disappears
and Sm metal becomes a 4f delocalized paramagnet. Söderlind et al. (1993) also
calculated the energy of the Bain path for the ferromagnetic phase of Sm (Fig.
7). Notice that now, for the spin polarized state, the theoretical c/a ratio (1.70)
agrees very well with experimental data. Therefore, both direct total energy con-
siderations as well as the more indirect details concerning the atomic structural
arrangement suggest that Sm metal at high pressures is a 4f itinerant magnet.

Based on the above comparisons with experimental data, it is clear that strong
theoretical evidence has been obtained for that the localized 4f moment in samar-
ium metal has become itinerant in the Mbar pressure range. This is remarkable
since the samarium 4f5 moment is normally considered to be extremely stable
against external influences. This finding opens the prospects that even the local
moments in europium, gadolinium and terbium might become unstable at pressures
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Figure 8. The calculated ferromagnetic spin moment for the itinerant phase of Sm

as a function of volume, i.e. the 4f electrons are considered as conduction electrons.

attainable at laboratory conditions. The discovery of ferromagnetism in samarium
at high compressions strongly suggests that we might have disclosed a new research
area for itinerant magnetism, namely lanthanides at a pressure of 1 Mbar.

5 Calculated phase diagram for Ce metal

Cerium is one of the most fascinating elements in the Periodic Table. It has,
in particular, an extremely rich phase diagram with at least five allotropic forms
(Koskenmaki and Gschneidner, 1979). Most attention has been focussed on the γ–
α isostructural phase-transition where the high-volume face-centered cubic (fcc) γ

phase collapses into the low-volume fcc α-phase at a pressure of about 7 kbar. There
is little doubt about the electronic nature of this transition and a great number
of theoretical investigations have dealt with the electronic properties of cerium
(Coqblin and Blandin, 1968; Ramirez and Falicov, 1971; Hirst, 1974; Johansson,
1974; Glötzel, 1978; Podloucky and Glötzel, 1983; Pickett et al., 1981; Min et
al., 1986; Allen and Martin, 1982; Lavagna et al., 1982, 1983; Gunnarsson and
Schönhammer, 1983; Liu et al., 1992; Allen and Liu, 1992; Eriksson et al., 1990;
Szotek et al., 1994; Svane, 1994).

The unusual behaviour of Ce has been described within a number of models
that may be classified into three groups. However, here we will only consider
the Mott transition picture advocated by one of the authors (Johansson, 1974).
According to this model the nature of the 4f states in Ce changes from local non-
bonding in the γ-phase to itinerant bonding in the α-phase. A number of recent
ab initio calculations, where one assumes that the 4f electron is localized in γ-Ce
but delocalized in α- and α′-Ce, have given excellent results for the ground state
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properties of γ- and α-Ce (Eriksson et al., 1990; Szotek et al., 1994; Svane, 1994)
as well as for the α′-phase (Wills et al.,1991; Eriksson et al., 1992). Moreover, by
applying the self-interaction corrected (SIC) local density approximation (LDA)
Szotek et al. (1994) and Svane (1994) found that in spite of the dramatic change in
the electronic structure at the transition, the difference in total energy between γ-
and α-Ce is of the order of mRy. A similar energy difference was found by Eriksson
et al. (1990) and this is exactly what is required to describe the transition in the
Mott transition model.

Recently the pressure-temperature phase diagram of cerium was calculated by
Johansson et al. (1995) based on the Mott transition picture and the thermodynamic

Figure 9. Binding energy curves for α- and γ-Ce (a) and the free energy of the

system Fsyst at different temperatures (b) as a function of atomic volume Vat. The

energies in (a) are relative to the minimum energy for α-Ce while in (b) they are

relative to the minimum value of Fsyst at the corresponding temperature. The dot-

dashed line in (a) corresponds to the extrapolated experimental value of −6 kbar

for the (negative) transition pressure at zero temperature. The energy shift ∆E in

Eq. (5) has been adjusted to reproduce this transition pressure.
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model illustrated in Fig. 9. According to this, there are at zero temperature two
phases for Ce, a low volume α-phase which is stable, and a high volume γ-phase
which is metastable. The resulting binding energy curve viewed as a function
of volume is formed by two branches corresponding to α- and γ-Ce, respectively,
which cross at some intermediate volume. The transition between α- and γ-Ce
represented by the common tangent in Fig. 1 occurs when the lattice is expanded
and from the experimental data reviewed by Koskenmaki and Gschneidner (1979)
the transition pressure is deduced to be −6 kbar.

As the temperature increases the state (α or γ) which is metastable may be
thermally populated. Hence, there is a probability x of finding a γ-Ce atom in
the system and a 1 − x probability of finding an α-Ce atom. Therefore, one may
consider the cerium metal as a pseudo-alloy between the γ- and α-phases and write
its free energy Falloy for any “concentration” x, volume V and temperature T as

Falloy(x, V, T ) = E(x, V ) − TS(x) + Flv(x, V, T ). (1)

Here, E is an average internal energy per atom in the pseudo-alloy at T = 0, S the
entropy, and Flv the free energy of the lattice vibrations.

The configurational mixing entropy is taken into account by using the mean-
field (MF) approximation

Sconf(x) = −kB[x ln x + (1 − x) ln(1 − x)], (2)

where kB is the Boltzmann constant. In addition to this also the magnetic en-
tropy from the localized magnetic moment on the γ-Ce atoms must be included.
Assuming that for temperatures of interest only the ground state multiplet with
total angular momentum J = 5

2 is appreciably populated, the magnetic entropy
becomes

Smagn(x) = kBx ln(2J + 1). (3)

Finally, the vibrational free energy Flv(x, V, T ) is estimated from the Debye-Grün-
eisen model (Moruzzi et al.,1988).

Since γ-cerium can transfer into α-cerium and vice versa, the alloy concentra-
tion is not a free parameter as in the case of a real alloy system. Instead, the
concentration xeq is determined from the value which for a fixed volume and tem-
perature minimizes the free energy. Hence, one arrives at the final expression for
the free energy of the system

Fsyst(V, T ) = Falloy(xeq(V, T ), V, T ). (4)

Having derived Fsyst as a function of volume one may obtain Gibbs free energy
G = F + PV , where P is the pressure, and determine the transition pressure of
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the γ–α phase change at any temperature. In this way the P–T phase diagram
for Ce can be obtained, based on the Mott transition model for the electronic
transformation within the 4f shell.

To obtain realistic results, a good description is needed for the initial α- and γ-
states as well as for the alloy total energy E(x, V ). In particular, for the accuracy
of the calculated phase diagram it is important that the equilibrium volumes of
pure γ- and α-Ce are well reproduced by the total energy calculations. For this
purpose Johansson et al. (1995) used the scalar-relativistic linear muffin-tin orbitals
(LMTO) method, within the atomic sphere approximation (ASA) and in the tight-
binding representation (Andersen et al., 1985; Gunnarsson et al., 1983; Skriver,
1984). This was performed in conjunction with a Green’s function technique and a
treatment of the alloy utilizing a scheme based on the single-site coherent-potential
approximation (SS-CPA) (Johnson et al., 1990; Abrikosov et al., 1993).

To describe paramagnetic α-Ce the 4f -electron is regarded as a delocalized va-
lence electron. Note that such an assumption together with LDA is known to lead
to an underestimate of the equilibrium volume and an overestimate of the bulk
modulus compared with the experimental values. However, this is basically an ef-
fect of using the LDA rather than an effect associated with any special properties
of α-Ce. Moreover, Söderlind et al. (1994) found that the ground state parameters
α-Ce are very sensitive to the approximation used for the exchange-correlation func-
tional. When one applies the Becke–Perdew gradient correction (GGA, Perdew,
1986; Becke, 1988) to the exchange-correlation potential one obtains a much bet-
ter agreement between the calculated and experimental atomic volume and bulk
modulus for α-Ce. For this reason, Johansson et al. (1995) chose to describe pure
α-Ce and the α-Ce atoms in the alloy within this approximation for exchange and
correlation.

The localized 4f -electron in γ-Ce can be accounted for by means of the SIC-
LDA scheme (Szotek et al., 1994; Svane, 1994). However, in an alloy this becomes
numerically very complicated and instead an approach used earlier by Min et al.
(1986), can be applied. In this scheme the 4f -electron in γ-Ce is treated as fully
localized by including it as part of the inert core, but the f functions are kept
in the LMTO valence basis set. Using the Vosko–Wilk–Nusair parametrization
(Vosko et al., 1980) of the exchange-correlation energy density and potential the
calculations for the equilibrium atomic volume and bulk modulus of γ-Ce show ex-
cellent agreement with the results obtained from the SIC-LDA calculations (Szotek
et al., 1994; Svane, 1994) as well as with experimental values. These are the set
of approximations which Johansson et al. (1995) applied in the description of the
pseudo-alloy.

Within the frozen core approximation (Gunnarsson et al., 1983), used in the
simplified description of γ-Ce, the contribution to the energy from the localized
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4f electron is discarded. The energies of the two phases of Ce must therefore be
aligned by an energy shift ∆E added, for instance, to the total energy of γ-Ce.
This is the only adjustable parameter in the model and it is only introduced for
technical reasons rather than as a matter of principles. The internal energy E(x, V )
in Eq. (1) may now be written in the form

E(x, V ) = (1 − x)Eα(x, V ) + xEγ(x, V ) + ∆E, (5)

where Ej(x, V ), j = α, γ, is the calculated total energy per α (or γ) atom.

Figure 10. Pseudoequilibrium pressure-temperature phase diagram for Ce. The

experimental result is taken from Koskenmaki and Gschneidner (1979) and shown by

the full line and filled squares. The zero temperature is obtained by extrapolation.

The diagram calculated within the mean-field (MF) approximation and with all

the contributions to the free energy included is shown by the heavy line. The

corresponding critical point is shown by the full circle. The results obtained by

the cluster variation method (CVM) are indicated by the dotted line and the open

diamond. The dashed line corresponds to a MF phase diagram where the effect of

alloying is neglected, i.e. Sconf = 0, and the dot-dashed line with the open triangle

corresponds to the MF result calculated without the vibrational contribution to the

free energy, i.e. Flv = 0.

The calculated phase diagram for the γ–α transition in Ce is shown in Fig. 2 to-
gether with the experimental phase diagram taken from Koskenmaki and Gschnei-
dner (1979). It is seen, that the theory, correctly describes the salient features of
the phase diagram, i.e., the linear dependence of the transition temperature on
pressure and the existence of a critical point. The zero pressure transition tem-
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perature is calculated to be 135 K in excellent agreement with the experimental
value 141 ± 10 K. The critical point is found at 980 K and 38.6 kbar, in fair
agreement with experiment (600± 50 K, 19.6± 2 kbar) (Koskenmaki and Gschnei-
dner, 1979). A small overestimate of the critical temperature and pressure is to
be expected because of the application of the mean-field approximation for the en-
tropy. If the more elaborate cluster variation method (CVM) is used in conjunction
with the CPA-Connolly–Williams scheme for calculating interatomic interactions
(Abrikosov et al., 1993) an even better result for the calculated P–T diagram is
obtained (compare Fig. 10).

An analysis of the results shows that the dominating entropy contribution origi-
nates from the magnetic moment on the Ce atoms, which is zero in the α-phase and
kB ln(2J + 1) in the γ-phase. The transition pressure can now easily be estimated
as (Johansson et al., 1993)

P (T ) = P0 + kBT (Vγ0 − Vα0)
−1 ln(2J + 1), (6)

where the subscript 0 refers to properties at T = 0. This immediately explains
the observed linear dependence of the transition temperature on the pressure. Fi-
nally, for the artificial, intermediate volumes the equilibrium concentration xeq is
substantial already at relatively low temperatures (about 300 K). This results in a
softening of the crossover between the two branches of the free energy, as shown in
Fig. 9b, and in the end to the occurrence of the critical point. When the effect of
alloying is completely neglected the low temperature behaviour of the phase dia-
gram is almost identical to that of the complete calculation, but the critical point
is lost.
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