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X-ray diﬀraction measurements have been performed on a single crystal sample of the rare earth metal
holmium. The temperature and magnetic ﬁeld dependence of the c-lattice parameter was studied in detail
below the Néel temperature of 132 K. Magnetic structural phase transitions were observed as a change in
the c-lattice parameter. In addition, lattice modulations induced by the magnetic structure were
investigated by observing satellite reﬂections. A model based on the exchange magnetostriction can
explain these magnetostrictive behaviors. The magnetic structures which were used in the analysis were
reproduced by the self-consistent mean ﬁeld calculation. The model has explained the temperature and
magnetic ﬁeld dependence of the c-lattice parameter, as well as the behaviors of the wave number and
the amplitude of the lattice modulation.
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1.

Introduction

In this paper, we describe the detailed results of X-ray
diﬀraction experiments on the rare earth metal holmium.1,2)
Our main purpose on this work is to elucidate the inﬂuence
of a magnetic structure on a crystal lattice. Speciﬁcally, a
microscopic magnetoelastic eﬀect, which appears as a lattice
modulation, has been investigated precisely. Holmium
shows various magnetic structures, which is a great
advantage in analyzing the eﬀect of a magnetic structure
on a crystal lattice. In this regard, holmium is considered to
be a suitable system for studying the magnetoelastic eﬀect.
Further, the magnetic structures of holmium are well
established by earlier studies.3–12)
Metallic holmium exhibits a helical magnetic structure3–11) in a temperature range between the Néel tempera-

ture of 132 K and the Curie temperature of 20 K. Various
magnetic structural changes are induced by application of a
magnetic ﬁeld in the hexagonal c-plane.4,12) Magnetization
process of the helical magnetic structure was explained by
Kitano and Nagamiya.13) The helix structure is ﬁrst distorted
so as to induce magnetization, and then undergoes a ﬁrstorder transition to a fan structure in which the magnetic
moments oscillate around the ﬁeld direction. An increase of
the magnetic ﬁeld reduces continuously the amplitude of the
oscillation and ﬁnally a ferromagnetic structure appears with
a second-order transition. Results of various experiments on
holmium4,14,15) suggested the existence of an extra new
phase. Figure 1(a) shows the schematic H–T phase
diagram4) of holmium for the magnetic ﬁeld along the baxis. The extra phase corresponds to the phase I in this ﬁgure
and its magnetic structure had remained undetermined for

Fig. 1. (a) Schematic H–T phase diagram for single-crystal holmium with a magnetic ﬁeld applied along the b-axis. From Koehler et
al.4) (b) The helix, helifan(3/2), helifan(2) and fan structure in Ho at 80 K. The moments lie in planes normal to the c-axis and their
relative orientations are indicated by arrows. A magnetic ﬁeld is applied along the b-axis in the basal plane to the helifans and fan. The
shaded parts of the illustrations indicate the respective magnetic unit cells.
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2.

Experiments

2.1 Experimental details
X-ray diﬀraction measurements were performed on a
holmium single crystal sample. The Cu K radiation (40 kV,
300 mA) from a conventional rotating anode source was
used as an incident beam. A vertically bent pyrolytic
graphite(002) monochrometer was used to focus the beam on
a sample position. In the c-lattice parameter measurements, a
ﬂat germanium(111) was used as an analyzer and slits were
tightly collimated in order to eliminate the reﬂection of K2
radiation. A typical diﬀractometer resolution along the
 1 . For
longitudinal direction was approximately 0.008 A
measurements of satellite reﬂections, a ﬂat pyrolytic
graphite(002) analyzer with loose collimation was used to
detect weak intensity of satellites. The surface of the sample
was normal to the c-axis, and the measurements were made
along the h00Li direction. A magnetic ﬁeld up to 8 T was
applied along the easy direction of holmium, b-axis, by a
split solenoids type superconducting magnet which is
installed on a large goniometer head.
2.2 c-lattice parameter
As a magnetic ﬁeld increased below TN , the c-lattice
parameter exhibited several discontinuous changes. Figure 2
shows diﬀraction patterns of the (006) Bragg reﬂection

(a) 60K
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decades. In recent years, interest in the extra phase has
resurged because of its novelty in the magnetic structure.
Based on the self-consistent mean ﬁeld calculation, Jensen
and Mackintosh proposed a new type of magnetic structure,
a helifan,16–18) which is an intermediate structure between
the helix and the fan. Schematic views of the helifans are
shown in Fig. 1(b), together with the helix and fan structures.
The existence of the helifan structure was actually conﬁrmed
by a neutron diﬀraction experiment.12) Not only the
magnetic structures of holmium8,16,19) but also those of the
other rare earth metal20,21) are remarkably well reproduced
by the self-consistent mean ﬁeld calculation.
In rare earth metals, crystal lattices are strongly
inﬂuenced6–8,22–24) by a magnetic structure through the
strong magnetoelastic coupling and a giant magnetostriction25,26) is observed in low temperatures. The temperature
dependence of the lattice parameters was explained in terms
of an exchange magnetostriction.26–28) Recently, X-ray
diﬀraction experiments on rare earth metals24,29,30) have
been performed to study both the change in the lattice
parameter and the appearance of the lattice modulations
accompanying magnetic structural changes. From these Xray diﬀraction experiments, we could well examine the
magnetic structures through the magnetoelastic effect.24,29,30) In holmium, magnetic structural phase transitions have been observed as discontinuous and continuous
changes in the c-lattice parameter1) and the lattice modulation has been found in the distorted helix and helifan
phases.2) This study was motivated, in part, by interest in the
helifan, which is not understood entirely. Therefore, we
attempt to make a detailed discussion on the helifan with
assistance of the self-consistent mean ﬁeld calculation which
reproduces the magnetic structures of heavy rare earth
metals very well, though the magnetic structure was not
directly observed in this study.
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Fig. 2. Diﬀraction patterns of the (006) Bragg reﬂection at 60 K in various
magnetic ﬁelds. The solid lines represent the result of peak separation by
ﬁtting. The vertical broken lines indicate the peak position of the
diﬀraction lines corresponding to the helix, helifan, fan and ferromagnetic
structures. (a) Measurements with increasing magnetic ﬁeld. (b)
Measurements with decreasing magnetic ﬁeld.

along the h00Li direction in various magnetic ﬁelds at 60 K.
As seen in Fig. 1(a), the helix and ferromagnetic structures
are singly formed at 0.0 T and 6.0 T, respectively. The line
proﬁles of the (006) Bragg reﬂection at those magnetic ﬁelds
have a squared Lorentzian shape. By ﬁtting the line proﬁles
with sums of squared Lorentzians centered at diﬀerent wave
numbers, the c-lattice parameter was found to change
discontinuously three times in an increasing ﬁeld process
at this temperature. The discontinuous changes in the clattice parameter coincide with the magnetic phase transitions shown in Fig. 1(a). At this temperature, helix, helifan,
fan and ferromagnetic structures appear in sequence from
low magnetic ﬁeld. Since the magnetic structures exhibit a
diﬀerent degree of magnetostriction, we could distinguish
one magnetic structure from others using the c-lattice
parameter. With decreasing magnetic ﬁeld, the peak position
was found to shift continuously from the helifan to the helix
as seen in Fig. 2(b). This behavior cannot be explained with
a picture of coexistence of two competing phases. Further,
an absence of the broadening of a line proﬁle indicates
uniformity of magnetostriction on this transition.
Figures 3(a)–3(d) show the magnetic ﬁeld dependence of
the c-lattice parameter at various temperatures, which are
determined from the (006) Bragg reﬂection. Open and closed
circles are the values obtained with increasing and decreasing magnetic ﬁeld, respectively. In these ﬁgures, c0 is the
‘‘non-magnetic’’ c-lattice parameter obtained by extrapolation from the high temperature paramagnetic region. The
solid lines in the ﬁgures represent the numerically calculated
magnetostriction for the magnetic structures which will be
shown below. Identiﬁcation of magnetic structures were
again made according to Fig. 1(a). Figure 3(a) shows the
magnetic ﬁeld dependence of the c-lattice parameter at 40 K.
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ferromagnet. With decreasing magnetic ﬁeld, the c-lattice
parameter changes diﬀerently from the increasing ﬁeld
process below the transition ﬁeld. The magnetostriction
which does not correspond to that of the helix and
ferromagnet indicates the appearance of the other magnetic
structure. The large hysteresis for a magnetic ﬁeld was found
also in a magnetoresistance measurement.15) The magnetic
ﬁeld dependence of the c-lattice parameter at 60 K is
summarized in Fig. 3(b). Four diﬀerent magnetic structures
appeared at this temperature as mentioned above. In an
increasing ﬁeld process, all the transitions, helix to helifan,
helifan to fan and fan to ferromagnet, accompany a
discontinuous change in the c-lattice parameter. The helifan
to helix transition was found to be continuous in a
decreasing ﬁeld process, which is completely diﬀerent from
the increasing ﬁeld process. At 80 K, no diﬀerence was
found between increasing and decreasing ﬁeld processes as
seen in Fig. 3(c). With increasing magnetic ﬁeld, two
transitions, helix to helifan and helifan to fan, occur
successively around 2.0 T. The fan to ferromagnet transition
is no longer discontinuous at this high temperature range,
because the anisotropy in the basal c-plane is supposed to be
negligible.13,26) Figure 3(d) shows the magnetic ﬁeld
dependence of the c-lattice parameter at 110 K. The
magnetic ﬁeld up to 7 T seems to be insuﬃcient for the
system to reach the ferromagnetic structure. Although a
magnetic structure changes from the helix to fan around
2.4 T, no discontinuous change in the c-lattice parameter was
detected. However, from the result of the self-consistent
mean ﬁeld calculation which will be discussed below, this
transition is expected to be discontinuous in magnetization
and magnetostriction because of the occurrence of spin ﬂip.
This unexpected behavior just below TN was reported also in
Dy.29) This may be the limit of a mean ﬁeld calculation
which does not take ﬂuctuations into account.
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Fig. 3. The magnetic ﬁeld dependence of the c-lattice parameter at (a)
40 K, (b) 60 K, (c) 80 K and (d) 100 K. The solid lines represent the
calculated values for the magnetic structures. The broken line for 100 K is
the guide for eye. Open and ﬁlled circles are the results obtained with
increasing and decreasing magnetic ﬁeld, respectively.

The c-lattice parameter exhibits a discontinuous change
around 1.0 T with increasing magnetic ﬁeld. This corresponds to a magnetic phase transition from the helix to

2.3 Lattice modulations
The lattice modulation is expected for a magnetic
structure in which there are several non-equivalent sublattices. Therefore, no lattice modulation occurs in the helix
phase with zero magnetic ﬁeld and in the ferromagnetic
phase, because the turn angle between the moments on
successive planes is constant through atomic layers. In other
magnetic phases, however, we expected to observe the
satellite reﬂection caused by the lattice modulation.
Figure 4 shows diﬀraction patterns along the h00Li
direction at 80 K in a ﬁeld range for the distorted helix
phase. A satellite reﬂection appears at (0; 0; 6  lat ) position
where lat is the same as the fundamental wave number of
the magnetic modulation. Double peaks in the diﬀraction
patterns are caused by two incident X-ray beams of K1 and
K2 from the Cu target. Intensity of the satellite reﬂection
increases with increasing magnetic ﬁeld, but it decreases
abruptly around 1.8 T, because the magnetic structural
change to the helifan(3/2) occurs.
Figure 5 shows diﬀraction patterns along the h00Li
direction at 80 K in a ﬁeld range for the helifan phase. The
solid line represents the result of ﬁtting with a squared
Lorentzian function. With increasing magnetic ﬁeld, two
broad satellites having diﬀerent wave numbers appear at the
magnetic ﬁeld of 2.0 T as shown in Fig. 5(a). The broadening
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Fig. 6. The magnetic ﬁeld dependence of the reduced wave number lat
determined from the positions of the satellite reﬂections. The solid lines
represent the calculated lat of the magnetic structures.

Fig. 4. Diﬀraction patterns along the h00Li direction near the (006) Bragg
reﬂection at 80 K in various magnetic ﬁelds. Measurements were made
with increasing magnetic ﬁeld.
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Fig. 5. Diﬀraction patterns along the h00Li direction near the (006) Bragg
reﬂection at 80 K in various magnetic ﬁelds. (a) Measurements with
increasing magnetic ﬁeld. (b) Measurements with decreasing magnetic
ﬁeld.

of the line proﬁle of the satellite indicates that domains of
the helifan phase are small. The satellite reﬂection
disappears above 2.2 T and no other satellite is observed
above this magnetic ﬁeld. With decreasing magnetic ﬁeld,
the satellite reﬂection appears in a range between 2.1 T and
1.8 T, as shown in Fig. 5(b). In contrast to the increasing
ﬁeld process, only one satellite was observed and the width
of the line proﬁle was within the resolution of the
diﬀractometer. Double peaks of the diﬀraction patterns in
Fig. 5(b) are again caused by K1 and K2 .
The magnetic ﬁeld dependence of the lattice modulation
wave number at 80 K is summarized in Fig. 6. Open and
ﬁlled symbols are the experimental data obtained with
increasing and decreasing magnetic ﬁeld, respectively. The
solid lines in the ﬁgure represent the result of the selfconsistent mean ﬁeld calculation described below. The two
helifans observed in an increasing ﬁeld process are the
helifan(3/2) and helifan(2), and only the helifan(3/2) was
observed in a decreasing ﬁeld process.
The amplitude of the lattice modulation can be estimated
from the intensity ratio of the satellite to the (006) Bragg
reﬂection. Figure 7 shows the amplitude of the lattice
modulation for the distorted helix and helifan(3/2) magnetic
structures observed at 80 K. The solid lines in the ﬁgure are
the values expected from the model described below. The
amplitude shown in Fig. 7 is obtained from a decreasing
ﬁeld process in which the helifan(3/2) appears as a single
phase. When there is no coexisting phase, an estimation of
the amplitude becomes straightforward. Intensity of the
satellite reﬂection for the helifan structures is one order of
magnitude stronger than that for the distorted helix, but no
satellite could be detected in the fan phase.
Measurements of the satellite have been extended to
various temperatures between 30 K and 110 K. The wave
number of all the satellites observed in an increasing ﬁeld
process at several temperatures are summarized in Fig. 8(a).
The solid line in the ﬁgure is the temperature dependence of
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Fig. 8. The temperature dependence of the reduced wave number lat
determined from the positions of the satellite reﬂections. A solid line
represents the reduced wave number of the helical magnetic structure in
zero ﬁeld (quoted from ref. 4). Broken lines (a, b, c and d) represent the
calculated lat of the helifans (3/2, 2, 5/2 and 3, respectively). (a)
Measurements with increasing magnetic ﬁeld. (b) Measurements with
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the wave number of the helical magnetic structure
determined from a neutron diﬀraction experiment in a zero
magnetic ﬁeld,4) and the wave number of the lattice
modulation which is induced by the distorted helix agrees
with that of the magnetic modulation very well. The broken
lines in the ﬁgure represent the temperature dependence of
the lattice modulation wave number for various helifan
structures reproduced by the self-consistent mean ﬁeld
calculation. In an increasing ﬁeld process, one or two broad

satellites were observed in a temperature range between
50 K and 90 K. From the wave number of the satellite, they
are considered as the helifan(3/2) and/or helifan(2) and/or
helifan(3). The reason for the appearance of the helifan(3),
not helifan(5/2), will be discussed in the next section. On the
other hand, only the helifan(3/2) and helifan(2) were
observed in a decreasing ﬁeld process as seen in Fig. 8(b).
The shape, peak intensity and number of satellites are
diﬀerent between in increasing and decreasing ﬁeld
processes. Well-deﬁned sharp satellites as seen in Fig. 5(b)
were detected at a temperature range between 70 K and
100 K in a decreasing ﬁeld process, while most satellites
were found to be broad.
The region for observing satellites caused by the helifans
in the H–T magnetic phase diagram is shown in Fig. 9. In
this ﬁgure, (þ) and () are the symbols for detecting the
satellite reﬂections in an increasing and decreasing ﬁeld
process, respectively. Observing the satellite reﬂection is an
explicit way to determine the range of the helifan in the
magnetic phase diagram. On the other hand, the appearance
of the helifan phase can be detected also by observing the
Bragg reﬂection, but an elaborate analysis is necessary to
separate the Bragg reﬂection of the helifan structure among
coexisting other structures as shown in Fig. 2(a). The
observations of the Bragg and satellite reﬂections have given
a consistent result on the magnetic phase diagram.
3.

Analysis and Discussion

Information about the magnetic structures is indispensable
to describe the behavior of the lattice. The self-consistent
mean ﬁeld method developed by Jensen and Mackintosh16–18) was employed in reproducing various magnetic
structures. The Hamiltonian for the k-th ion (layer) is written
as
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Table I. The parameters used in the calculations (all values are in meV). The remaining parameters are follows: B02 ¼ 0:0240, B04 ¼ 0,
B06 ¼ 9:56  107 , B66 ¼ 9:21  106 .
J1

J0

T (K)

J2

J3

J4

J5

J6

40

0.19585

0.09613

0.00621

0:02285

0:00512

0.00442

0:00310

60

0.21908

0.10670

0.00993

0:03300

0:00356

0.00631

0:00373

80

0.23697

0.11000

0.01000

0:04020

0.00150

0.00280

0:00230

H MF
¼
k

X

m
Bm
l Ol ðJ k Þ 

X

Jn hJ kþn i J k

n

lm

1X
þ
J hJ kþn i hJ k i  gB H J k :
2 n n

ð1Þ

The ﬁrst term is the crystal-ﬁeld contribution represented by
the Stevens operators Om
l ðJ k Þ and the crystal-ﬁeld parameters Bm
.
The
inter-planer
exchange coupling parameters
l
Jn are extracted from JðqÞ  Jð0Þ which depends on
temperature.19,31) J3 was slightly modiﬁed in order to
reproduce the experimentally obtained wave number of the
helix in a zero magnetic ﬁeld. The isothermal magnetization
curve was ﬁtted with a variable parameter J0 . The 6-th order
crystal ﬁeld anisotropy was neglected26) in calculations for
temperatures of 80 K and above. All the parameters used in
the calculations are given in Table I. The magnetic
structures are assumed commensurable to the crystal lattice
with a cycle about 100–150 atomic layers. A distribution of
thermal expectation values hJ k i is calculated using the selfconsistent mean ﬁeld method and the stable magnetic
structure in a given magnetic ﬁeld is determined so as to
have the minimum free energy among various magnetic
structures.
The calculated isothermal magnetization curves are
shown as solid lines in Fig. 10. In this ﬁgure, open and
ﬁlled symbols are the experimental data obtained with
increasing and decreasing magnetic ﬁeld, respectively.
According to the calculations, the helifan(3/2) is stable only
in a narrow ﬁeld range at temperatures between 40 K and
100 K. All the phase transitions are accompanied by an
abrupt jump in magnetization except the fan to ferromagnet
transition at 80 K. At this transition from the fan to

Magnetization I/Is

40K

60K

80K

0.6
0.4
0.2
0.0
0

where c0 is the c-lattice parameter in the absence of the
0
magnetic interaction, " ¼ cc
represents the strain caused
c0
by the magnetic interaction and uk denotes a small
displacement which depends on sites. The elastic energy
Ee of the magnetic unit cell is given by

þ1 X
N 1
N"2 c20 @2 ð Þ 
1 X
Ee ¼
þ
n ukþn uk ; ð3Þ
162 @ 2  ¼0 2 n¼1 k¼0
where n is the inter-planer force constant, N is the number
of planes included in the magnetic unit cell and is the
reduced wave number in the h00Li direction. We next
consider the modiﬁcation of the magnetic energy by a
magnetoelastic coupling. Since the displacement uk is
considered to be small, B20 and Jn can be expanded in a
Taylor series. Neglecting the second and higher order terms,
the magnetoelastic energy Eme of the magnetic unit cell is
written as follows:

1.0
0.8

ferromagnet, free energy changes smoothly with magnetic
ﬁeld, although the other transitions exhibit kinks on the free
energy curve. Taking into account the coexistence of phases
in the process of the ﬁrst order phase transition, the step like
behavior of calculated magnetization will become smooth
like the observations. The transition ﬁelds are estimated
slightly higher for 40 K and lower for 80 K, but the
magnetization curves can be explained by using the metastable region of the coexisting phases. Therefore, the results
of the calculations are considered to be in good agreement
with the experimental data, which indicates the magnetic
structure under magnetic ﬁeld can be well reproduced by the
self-consistent mean ﬁeld method.
The model of the exchange magnetostriction is based on
the idea that the exchange interaction depends on the
distance between magnetic moments.1,26–29) A lattice
modulation which is induced by a magnetic structure was
also explained with the same idea.24) Here, the model of the
exchange magnetostriction is extended to include the lattice
modulation. The concurrent treatment of both the magnetoelastic eﬀects on the lattice parameter and the lattice
modulation was proposed also for Er30,33) and DyZn2 .32) The
position of the k-th c-plane can be written as
1
ð2Þ
rk ¼ kc0 ð1 þ "Þ þ uk ;
2

Eme ¼
1

2
3
4
Magnetic Field (T)

5

6

Fig. 10. Magnetization curves at various temperatures. The solid lines are
the calculated results for the stable phases. Open and closed symbols are
the experimental data obtained with increasing and decreasing magnetic
ﬁeld, respectively.

N 1
DX
½c0 " þ ukþ1  uk1 hO02 ðJ k Þi
2 k¼0


þ1 X
N 1
1 X
nc0

Kn
" þ ukþn  uk hJ kþn i hJ k i;
2 n¼1 k¼0
2

ð4Þ
where diﬀerential coeﬃcients are symbolized as D ¼
and Kn ¼ J0 ð nc20 Þ.

0
B02 ð c20 Þ
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The equilibrium value of " minimizes the total energy E.
Diﬀerentiating E with respect to ", we obtain the expression
for the equilibrium strain
"
#
 !
N1
c0 @2 ð Þ 
1X
0
hO ðJ k Þi
" ¼ D
N k¼0 2
42 @ 2  ¼0
"
#
þ1
N 1
X
1X
þ
nKn
hJ kþn i hJ k i :
N k¼0
n¼1
ð5Þ
Similarly, diﬀerentiating E with respect to uk , the expression
for the equilibrium displacement is written as
þ1
X

n ukþn ¼

n¼1

D
hO02 ðJ kþ1 Þi  hO02 ðJ k1 Þi
2
þ1
X



ð6Þ

Kn hJ kþn i hJ k i:

n¼1

We assume uk is expressed as
X
uk ¼
Uðl m Þei m lk ;

ð7Þ

l

where m is the wave number of a magnetic structure and l is
determined by cyclic boundary conditions to be l m in the
Brillouin zone. The thermal expectation values hO02 ðJ k Þi and
hJ k i are expanded in a Fourier series as follows:
X
Oðh m Þei m hk ;
ð8aÞ
hO02 ðJ k Þi ¼
h

hJ k i ¼

X

Jðm m Þei m mk :

ð8bÞ

m

Substituting eqs. (7), (8a), (8b) into eq. (6) leads to the
following expression
ðl m ÞUðl m Þ ¼ iD sin l m Oðl m Þ


l
X

Kðm m ÞJðm m Þ Jððl  mÞ m Þ;

ð9Þ

m¼0

P
where
ð Þ  ð0Þ ¼ 2 þ1
n¼1 n ½cos ðn Þ  1 and Kð Þ ¼
Pþ1
2i n¼1 Kn sin ðn Þ.
We now obtain the ﬁnal forms of the equilibrium strain
and displacement. Concerning the expectation values
hO02 ðJ k Þi and hJ k i, the results of the numerical calculations
are used in an analysis of the experimental data. The
magnetoelastic coupling constants are obtained by ﬁtting the
results of the magnetic ﬁeld dependence of the c-lattice
parameter with eq. (5). The amplitude of the lattice
modulation can be estimated from eq. (9) by using the same
magnetoelastic coupling constants. The c-lattice parameter
and lattice modulation should be concurrently explained by
using the same magnetoelastic coupling constants.
The results of the ﬁtting for the c-lattice parameter are
shown as solid lines in Fig. 3. All the magnetoelastic
coupling constants determined by the ﬁtting are tabulated in
Table II. The inter planer force constants n in eq. (5) are
deduced from the phonon dispersion relation of holmium at
room temperature,34) where 1 and 2 are 2000 and
 2 , respectively. The temperature
21:59 in units of meV/A
dependence of the inter planer force constants is neglected in
the present analysis. Concerning the helifan to helix


Table II. The ﬁtting parameters (all values are in meV/A).
T(K)

D

K1

K2

K3

40

2:8768

4.8225

2:2790

0.64907

60

4:1365

6.1482

2:5605

0.71568

80

4:7266

5.5324

1:4049

0.35995

transition in a decreasing ﬁeld process at 40 K and 60 K,
the continuous change in the c-lattice parameter could not be
reproduced with the calculated magnetic structures as seen
in Figs. 3(a) and 3(b). Since no satellite reﬂection was
observed during the transition, it is plausible that magnetic
moments ﬂip randomly not to have long-range correlation
but to be proportional to magnetic ﬁeld. This successive
change of the spin conﬁguration is not taken into account in
the present model calculation of a magnetic structure.
We next consider the order of the ﬁtting parameters
required, concerning the magnetoelastic coupling constants
D and Kn . In the previous paper,1) we reported that the
magnetic ﬁeld dependence of the c-lattice parameter can be
explained by introducing three parameters D, K1 and K2 .
However, the amplitude of the lattice modulation cannot be
well reproduced with the obtained values of D, K1 and K2 .
The dotted lines in Fig. 7 are the calculated amplitude of the
lattice modulation and an agreement with the experimental
results is unsatisfactory. A remarkable improvement in
reproducing the amplitude of the lattice modulation is
attained by introducing K3 . The solid lines in Fig. 7, which
agree with the experimental results very well, are the result
of ﬁtting with K3 . Consequently, we need to include at least
four magnetoelastic coupling constants D, K1 , K2 and K3 in
the ﬁtting. The c-lattice parameter and lattice modulation
were found to be concurrently explained by using the same
magnetoelastic coupling constants, indicating that the
inﬂuence of a magnetic structure on a crystal lattice is
satisfactorily described by the exchange magnetostriction
model which is extended to include the lattice modulation.
The lattice modulation is expected to be induced also in
the fan phase. However, no appreciable satellite reﬂection
could be observed despite repeated surveys in the fan phase.
According to the model, the amplitude of the lattice
modulation for the fan structure is estimated to be smaller
than that of the distorted helix at 1.2 T shown in Fig. 4. It is
supposed that such a weak satellite reﬂection can scarcely be
observed by using a conventional rotating anode source Xray as in the present experiment.
The present model could explain the experimental result
that the helifans exhibit intermediate magnetostriction
between those of the helix and fan. However, it is diﬃcult
to distinguish a particular helifan among helifans by a slight
diﬀerence in the c-lattice parameter. Observing the satellite
reﬂection provides another way to identify a magnetic
structure. The wave number of the lattice modulation is
peculiar to respective magnetic structures and exhibits the
explicit diﬀerence between each other.
The magnetic ﬁeld dependence of the wave numbers of
the lattice modulations at 80 K is shown in Fig. 6. The
agreement between the experiment and the calculation by
the self-consistent mean ﬁeld method is fairly good. The
observed helifans can be clearly identiﬁed as the helifan(3/2)
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and helifan(2). On the other hand, more detailed consideration has to be made with regard to the temperature
dependence of the wave number of the lattice modulations
shown in Fig. 8. Most lattice modulations can be identiﬁed
as those induced by the helifan(3/2) and helifan(2).
However, the helifan(5/2) and helifan(3)16) can be a possible
magnetic structure which would corresponds to the lattice
modulation with the smallest wave numbers shown in Fig.
8(a). As mentioned by Jensen and Mackintosh,16) it is
supposed that the energy barrier for generating the helifan(5/
2) in an increasing ﬁeld process would be high because this
structure is a type of the helifan(half integer). This is also
supposed to be the reason for the absence of the helifan(3/2)
in an increasing ﬁeld process at lower temperature. Therefore, the helifan(5/2) would be excluded from possible
magnetic structures for the lattice modulation. One can
consider two types of helifan(3)16) written as (+ + +  +
) or (+ + + + + ). The former type has smaller
magnetization than those of the latter and the helifan(2).
Since the helifan under consideration was observed at lower
ﬁelds than those for helifan(2), the former type of helifan(3)
is chosen as the magnetic structure which induces the lattice
modulation with the smallest wave numbers.
4.

Conclusion

In the present study we have performed X-ray diﬀraction
studies on holmium single crystal. Application of a magnetic
ﬁeld along the b-axis causes abrupt changes in the c-lattice
parameter followed by magnetic phase transitions. This
magnetoelastic behavior provides a way of probing the
magnetic structures of the system by means of X-ray
diﬀraction. We have exposed the existence of the lattice
modulation by observing the satellite reﬂection around the
Bragg reﬂection. The helifan magnetic structure was
precisely studied regarding an appearance region and a
period of the structure. The region for the helifans has been
conﬁrmed on the H–T phase diagram. A numerical
calculation by the self-consistent mean ﬁeld method16) was
performed to reproduce magnetic structures. A model for the
magnetoelastic eﬀect, which is based on the exchange
magnetostriction,28) was extended to include the lattice
modulation. We have shown concurrent explanation for the
magnetoelastic eﬀects on the c-lattice parameter and for the
lattice modulation. Extensive measurements by using a
synchrotron X-ray are needed to detect the higher order
satellite reﬂection, which will play a signiﬁcant role in
determination of the magnetoelastic coupling constants.
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