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The magnetic excitations propagating along the ¢ axis in thulium metal have been studied experi-
mentally by inelastic neutron scattering. At low temperatures, in the seven-layered periodic mag-
netic structure, the spin-wave energies are centered around 9 meV, with a bandwidth of about 2
meV. A strong coupling to the transverse phonons is revealed through the magnetic scattering
cross section. Near Ty clear evidence of crystal-field excitations is found, both in the basal plane
and in the c-axis component of the scattering function. A theory based on the random-phase ap-
proximation (RPA), which describes the spin waves and the crystal-field excitations in the unusual
magnetic structure of Tm, and their coupling to the phonons, is developed. The neutron-scattering
results, combined with known magnetization data, have allowed us to derive values for all the
relevant coupling parameters. The most important is the two-ion exchange coupling, and the
Fourier transform of this interaction along the ¢ direction is presented for all the magnetic heavy
rare-earth metals. Except for the linewidth phenomena, which are neglected in the RPA, the calcu-
lations account accurately for most experimental details in the antiferromagnetic phase and for the
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crystal-field excitations close to Ty .

I. INTRODUCTION

With the exception of thulium, the spin-wave excita:
tions in all the magnetic heavy rare-earth metals have
been extensively studied, leading to the determination of
their fundamental coupling parameters. A practical
reason why the spin dynamics of thulium have only re-
cently been thoroughly investigated is the difficulty of
growing single crystals of sufficient size for inelastic neu-
tron scattering. This difficulty has now been overcome,
and inelastic scattering results for thulium were reported
recently by McEwen and Steigenberger,' and subsequent-
ly by Fernandez-Baca er al.? It turns out that the inter-
pretation of the data, especially at low temperatures, is
not straightforward because of complications introduced

by the magnetic structure. We have therefore calculated
the scattering function at various wave vectors and com-
pared this directly with the inelastic scattering data.

Like the other heavy rare-earth metals, thulium crys-
tallizes in the hexagonal close-packed structure. The
magnetic structure below the Néel temperature T =57.5
K has been determined by neutron diffraction,>* and it
was found that the ¢ component of the moments is or-
dered in such a way that it is constant in a particular hex-
agonal plane but its magnitude changes from one plane to
the next. Just below Ty, the oscillatory structure is de-
scribed in terms of one Fourier component, where the or-
dering wave vector Q, parallel with the ¢ direction, has a
length Q* of about 0.275 in the reduced unit 27 /c. As
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the temperature is lowered, higher odd harmonics devel-
op, indicating that the sinusoidal structure begins to
“square up.” Moreover, the length of Q changes slightly,
until it locks in around 32 K to the value 0.286 =2 which
is commensurate with the lattice. Hence the structure re-
peats itself every seven hexagonal layers. Below this tem-
perature Q stays constant, locked to the lattice periodici-
ty, but the intensity of the harmonics continues to in-
crease. From the diffraction peak intensities Koehler
et al.® deduced that each c-axis moment reaches its satu-
ration value of gupJ =7up in the low temperature limit
(g =7 and J =6 in Tm). The basic periodicity of seven
hexagonal layers is then accomplished by four layers with
the moments parallel to the ¢ axis followed by three lay-
ers with the moments pointing antiparallel to the ¢ axis.
This leads to a net ferrimagnetic moment of 1z /atom in
accord with the magnetization measurements.>®

In this paper we report a comprehensive experimental
study of the excitation spectrum of Tm in the ¢ direction
as a function of temperature, both in the ordered phase
and just above T. The size and purity of the crystal
used in the present experiments was much improved in
comparison with the crystal previously investigated by
us. This turned out to be quite crucial, as a number of
the features reported earlier! were not reproduced in the
present measurements. They may therefore be rejected as
being due either to impurities (possibly hydrogen) or to
imperfections in the lattice. Our present results are con-
sistent with those reported just recently by Fernandez-
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Baca et al.,? but are more comprehensive. In particular
we have determined the line shape of the excitations with
great accuracy, providing key information for the
analysis of the results.

At low temperatures, the spin waves are found to lie in
a narrow band between 8—10 meV. When the scattering
vector is along the c axis, both the nuclear and the mag-
netovibrational cross sections of the transverse phonons
vanish, because the scattering vector is perpendicular to
the polarization of the phonons. Nevertheless, weaker
peaks below the spin-wave band were found in c-axis
scans, at positions suggesting the magnetovibrational
cross section for the transverse phonons to be nonzero. It
has been proposed? that this scattering may be produced
by multiple scattering processes, circumventing the selec-
tion rules determined from the direction of the polariza-
tion vector and of the magnetic moments. However, we
prefer to interpret this scattering in terms of a linear cou-
pling between the spin waves and the transverse phonons,
where the mixing of the modes then leads to magnetic
scattering from the phononlike components. The intro-
duction of a magnon-phonon coupling in the RPA calcu-
lations gives a satisfactory account of this scattering,
both as a function of ¢ and of temperature, showing
beyond any reasonable doubt that this is the right ex-
planation.

With increasing temperature, the low-energy scattering
increases, and by 30 K it is considerably more intense
than that expected from the magnon-phonon interaction.
The basal-plane components of the scattering function do
not change much on passing through the transition tem-
perature, and reasonably well-defined excitations are still
apparent around 7-8 meV just above T,. Combining
these results with those obtained when the scattering vec-
tor has a component in the basal plane, we find that the
cc component of the scattering function involves an exci-
tation around 5 meV in the paramagnetic phase, the in-
tensity of which decreases rapidly below T,. We have in-
terpreted these additional features in terms of crystal-
field excitations (or molecular-field excitations in the or-
dered phase). Thus thulium becomes the only example
among the heavy rare-earth metals in which crystal-field
excitations are seen in addition to low-temperature spin
waves.

In order to describe the low-temperature spin-wave re-
gime and the appearance of crystal-field excitations at
elevated temperatures within the same framework, we
have developed an RPA theory based on a numerical di-
agonalization of the molecular-field (MF) Hamiltonian.
One essential complication is that the magnetic unit cell
in the antiferromagnetic phase of Tm is seven times as
long as the unit cell of the hcp lattice, and there is no
transformation, as in the case of a helically ordered struc-
ture, which reduces this basis. The Fourier transforma-
tion leads therefore to seven coupled equations which can
only be solved by numerical methods. Hence the magnet-
ic Brillouin zone contains seven spin-wave branches
which scatter neutrons with different weights depending
on the scattering vector. The RPA theory is further
complicated by the need to include the coupling between
the magnetic excitations and the transverse phonons at
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the same wave vector in the magnetic Brillouin zone. By
applying this RPA theory, we have developed a model
describing both our inelastic neutron scattering results
and the previous studies*™® of the magnetic structure.
This allows us to present, for the first time, the experi-
mental RKKY-exchange interaction in the ¢ direction for
all the magnetic heavy rare-earth metals.

The RPA theory is presented in Sec. II, and the MF-
RPA model for Tm is established in Sec. III. The experi-
mental conditions are described in Sec. IV. In Sec. V the
experimental results are presented and compared with
the calculated results, and our conclusions are given in
Sec. VI.

II. THE RPA THEORY

The theory is based on the usual magnetic Hamiltonian
for the rare-earth metals:

H=I [ 3 BPOXI)+BOSI)—gupl;-H
i 1=2,4,6

—1 3 F Pl i - (1)
ij aB

The large parentheses contain the single-ion contribu-
tions, involving the crystal-field terms defined with the
Stevens operators O;" and the Zeeman term. The coordi-
nate (xyz) axes are chosen to be along an a, b, and ¢ axis,
respectively, in the hexagonal lattice. The second sum in-
cludes both the isotropic RKKY-exchange interaction
and the magnetic dipole-dipole coupling. When the wave
vector q is along the ¢ axis, the Fourier transform of the
two-ion coupling #%%(q) is diagonal, and we shall define
&#(q) to be the basal-plane component

#(q)=JF"“(q)=F"q)
=dy+2 3 &,coslnge/2) . 2)

n=1

The above equation also introduces the interplanar cou-
pling coefficients &,. With this definition the cc com-
ponent is

FUq)=Fq)+Fplq) . (3a)

Defining &, =4m(guy)*N /V, where N is the number of
atoms and V the volume (i.e., #;;=0.0305 meV in Tm)
then with ¢ /a ~0.96V'8/3

Fp(q)=—&4,[0.919+0.816 cos(gc /2)
—0.0006 cos(gc)] , (3b)

when q is nonzero, otherwise #,(0)=0. As realized
quite recently, the jump in the long wavelength limit
made by the longitudinal component of the dipolar cou-
pling, implies that the magnetic dipole coupling, al-
though weak, has significant effects in the heavy rare-
earth metals.”

The MF approximation is introduced in Eq. (1) by re-
placing the two-ion part with

= 3 S AT NS FBj)(T ) 4

i ap J
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allowing a separate consideration of each ion. In the nu-
merical calculations the magnetic structure is assumed to
be commensurate with the lattice, i.e., we assume that the
structure repeats itself after seven hexagonal layers. This
assumption has been retained at temperatures above 32
K, even though the experimental value of Q* is then
slightly smaller than 2/7.

The first step in the calculation is to assume a distribu-
tion of (J;) of the moments at a given temperature.
These values are inserted in the MF Hamiltonian for the
ith ion, which is diagonalized. The partition function,
|

E,#E,

N (alA|b){b|Bla) , _ 1
8aplhw)=lim 2,, Hotie+E,—E, " "

where E,, |a), and n, are the ath eigenvalue, eigenstate,
and population factor, respectively, of the MF Hamil-
tonian for the ith ion. When the operators 4 and B are
both set equal to J; this equation generates the general-
ized susceptibility tensor, in units of (gup )2, but with the
opposite sign (see, for instance, Ref. 8). The final two-site
Green’s functions, written as (3X3) matrices, are then
determined by the self-consistent equation

G(ij,0)=8(i,0)8;— 3 gli,0)Hij )G (j',j,») . ©

-

In the uniform case, i.e., the paramagnetic or ferromag-
netic phase, the equation may be diagonalized, with
respect to the site dependences, by a Fourier transforma-
tion. In this formulation the RPA theory provides a
description of both the crystal-field excitations occurring
in the paramagnetic phase and of the spin waves in the
ferromagnetic case. In the latter case, the result coin-
cides in the zero anisotropy limit with that derived in the
usual linear spin-wave theory (except that it retains the
MF-expectation value of J, in the result for the spin-wave
energies). However, the RPA theory is also valid in the
presence of arbitrarily large anisotropy, whereas, in con-
trast, anisotropy effects may only be incorporated in the
linear spin-wave theory if they are relatively weak (see
Ref. 8 for a more detailed discussion). In the nonuniform
case where the moments are ordered ferromagnetically in
layers but where the magnetization changes from layer to
layer, the spatial Fourier transformation still leaves as
many coupled equations as there are layers in one period.
This number p is, however, only finite if the ordering is

S(kw)=— 3 (8ys—Korp/kN1—e /8Ty —1 L
aff ™

This function multiplied by the form factor squared and
the Debye-Waller factor determines the neutron scatter-
ing cross section. « is the scattering vector of the neu-
trons.

As mentioned in the Introduction, the experimental re-
sults indicate the presence of a coupling between the
magnetic excitations and the transverse phonons in the ¢
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the free energy, and (J;) of this ion may then be calcu-
lated. By carrying out this calculation for all the
different ions in the seven layers, we may derive a new set
of moments. This procedure is repeated until self-
consistency is obtained. After having determined the dis-
tribution of moments at a certain temperature we may
calculate the generalized susceptibilities for each of the
different ions. We shall consider the Green’s functions,
which, with a suitable definition of the temporal Fourier
transformation, are

. E
i€ a

=Eb
> (al4lb){b|Bla)n,—{A)B) ||, (5

commensurate with the lattice. In order to write down
these equations we define the Fourier transforms

= = —isQ'R;
a(wzﬁzgu,me R (7a)
i

—iq«(R;~R, ), ~isQR,;

Es(q,a))=71\,—2(=?(ij,a))e ., (7b)

ij
where s is an integer and g ; ,(0)=g(w). Equation (6)
then leads to

= Pl _ = =
G,(q,0)=g(0)— I &, _,(0)Fq+rQ)G,(q,) . (8)
r=0

The method we have used for solving the p matrix equa-
tions given by Eq. (8) is to let € in (5) stay nonzero but
small, and then to find the solution by a simple iteration
[after having isolated G,(q,w) on the left-hand side of the
equation]. If € is not chosen to be too small, the pro-
cedure is found to converge rapidly, requiring only 10-20
iterations at each value of (q,w). This method was also
used for calculating the spin-wave spectrum in the dis-
torted helix and conical phases of Ho.”® The nonzero
value of € utilized in these calculations means that the
response function is only determined with a finite resolu-
tion. Since the experimental results themselves are sub-
ject to a finite resolution this is not a serious drawback.
Moreover, intrinsic linewidth phenomena, neglected
within the RPA, may in most cases justify a nonzero e.
After having solved Eq. (8) we may determine the corre-
lation function

Im[G&¥(k,0)] . 9)

[
direction of Tm. In the long-wavelength limit this cou-
pling arises from the magnetoelastic e-strain Hamiltonian

Fee =3 {Le [eh(D)+e35(i)]

—B. [0)(3))e3()+05 1 (T)ey(D] (10)
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where €,5 is the Cartesian strain tensor, c. the elastic
constant (4c4 V' /N) per atom, and O, =NJ,J, +J, J,)
while 02_1=%(J2Jy+JyJZ). Considering only long-
wavelength phonons propagating along the ¢ axis we find
# 12 iq'R
+ R;
WMoy q) | PavtBoave

ev3(i)=%(iq)

an

where M is the mass of the ions, Bq‘v the phonon annihila-
tion operator, and w,(q) the corresponding phonon fre-
quency, with v=1 or 2 denoting the (x or y) direction of
the phonon polarization vector. For simplicity, we as-
sume only one ion per unit cell, corresponding to the
double-zone representation in the ¢ direction. The dy-
namic effects of the magnetoelastic Hamiltonian may
be included using essentially the same procedure as
in deriving the RPA equation (8). Defining the general-
ized five-dimensional momentum operator
19=(J,,J,,J,,03,0;") and introducing the corre-
sponding (5X5) matrices for the Green’s functions by
putting 4 and B equal to J'* in Eq. (5), the RPA decou-
pling leads to an expression identical to Eq. (6). Hence
Egs. (8) and (9) also apply, except that #(q) is replaced by
the frequency dependent (5X5) matrix &(q,»). The
upper left (3X3) part of &#(q,w) is the original
frequency-independent Cartesian matrix, to which we
have to add the following two terms in the diagonal:

F44(q,0)=dss5(q, )
B?  w3sin’(gc /2)

im —_—_
ot 4. wiq)—(w+ie)?

(12)

This result is derived with (igq) in Eq. (11) replaced by
(2i /c)sin(gc /2), and it applies not only in the long-
wavelength limit but at all wave vectors in the ¢ direc-
tion, as long as the € coupling is dominated by contribu-
tions from nearest neighbors. The frequency w, is for-
mally introduced by c,=M (wyc/2)% but it actually
refers to the experimental observation!® that the trans-
verse phonons in the ¢ direction of Tb are well described
by the dispersion relation:

0,(q)=w,(q)=wgsin(gc /4) . (13)

We expect this to be true also for Tm, except that the
maximum frequency w, may be slightly different.
Next-nearest neighbor couplings in the ¢ direction may
modify the q dependence in Eq. (12), but it is also possible
that other couplings, not present in the long-wavelength
limit described by the magnetoelastic Hamiltonian above,
may be of importance when g is not small. This is the
case in Tb, where a strong magnon-phonon coupling be-
tween acoustic and optical modes has been detected in
the ¢ direction.!! By general symmetry considerations we
find that a similar coupling in Tm would not invalidate
the double-zone representation. The selection rules for
this type of coupling are the same as for the € coupling,
and thus it is difficult to distinguish between the two
mechanisms. There is, however, one weak point in this

argument, namely, that the acoustic-optical coupling in
the basal-plane ferromagnet Tb violates the symmetry of
the simple ferromagnetic phase. This indicates that in
the case of Tb the polarization direction of the conduc-
tion electrons responsible for the coupling is noncollinear
with the localized moments. We think that this behavior
is closely related to the nonzero value of the basal-plane
component of the moments in Tb. In Tm the localized
moments are parallel to the c axis, which thus remains an
axis of threefold symmetry. Hence we do not expect the
spins of the conduction electrons in Tm to have any
nonzero component in the basal plane, and therefore anti-
cipate no acoustic-optical magnon-phonon coupling in
the c direction of Tm.

III. THE MF-RPA MODEL FOR Tm

In order to establish a realistic model for thulium we
have used many of the arguments developed earlier by
Fynbo.® The relevant coupling parameters were intro-
duced in the preceding section. There are four crystal-
field parameters and five to six interplanar exchange pa-
rameters, which yield a satisfactory description of the
two-ion coupling, and finally two magnetoelastic parame-
ters.

First we utilize the measurements>® between room
temperature and Ty of the bulk susceptibilities parallel
and perpendicular to the ¢ axis to determine &(0). At
high temperatures, the susceptibility anisotropy arises
predominantly from BS. Knowing the anisotropy effects,
the value of Ty gives #(Q) (these effects increase Ty by
about 60%). The comparison obtained between the sus-
ceptibility measurements and the calculated results based
on our final model for Tm is shown in Fig. 1. We express
the x,; components in atomic units which are
(gug) “V /N times the usual bulk susceptibilities. From
the neutron diffraction intensities at the fundamental and
higher harmonics, Koehler et al.? derived the corre-

2.0
1.51~
s
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E 1or-
TX
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o 40 80 120 160 200 240 280

Temperature (K)

FIG. 1. The reciprocal susceptibilities between room temper-
ature and Ty for Tm. The upper curve is the calculated basal-
plane component, and the lower is the cc component. The ex-
perimental results are from Ref. 5 (triangles) and Ref. 6
(squares). The unit used is explained in the text.
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sponding harmonics of the angular momenta, which are
shown in Fig. 2. Although the values of these harmonics
are nearly fixed in the zero temperature limit, in terms of
the saturation values of the four up-three down struc-
ture, the temperature dependence of these quantities is
sensitive to the model used. Assuming the crystal-field
parameters to be known, these curves establish at least
one exchange parameter, which may be considered to be
the overall width of #(q). Given that the maximum of
&#(q) has to lie at q=Q to a good approximation, we have
four to five constraints on the exchange coupling, leaving
only about one degree of freedom. Furthermore, there
are some additional stability criteria to be fulfilled. The
most restrictive requires that &;+&, is smaller than
about —0.025 meV, to prevent the five up—two down
structure from occurring when a field is applied in the ¢
direction. Hence the exchange coupling is nearly deter-
mined by the magnetization data alone, and the final
interplanar coupling coefficients are given in Table 1.

The exchange parameters in Table I predict the critical
field in the ¢ direction, at which Tm becomes ferromag-
netic, to be 4.2 T in the low-temperature limit. However,
the first-order transition is actually observed™>® at the sub-
stantially lower field of 2.8 T. Magnetoelastic effects, not
included in the model, may possibly lower the calculated
critical field, but only by 0.1-0.2 T. The parameter
determining the critical field is the difference between the
exchange energy in the two phases, which scales roughly
with #(Q)—#(0). In the present model, these exchange
parameters were derived from the behavior of the system
close to Ty. However, in modulated magnetic structures
the RKKY coupling may depend on the magnetization.
Such a sensitivity is reflected, for instance, in the changes
of the ordering wave vector, and other modifications,”’
which have been found in Ho. There are two possible
mechanisms for explaining the present discrepancy in
Tm. The value of the exchange energy difference may
gradually decrease with the magnetization when the met-
al is cooled down, or alternatively, it may change abrupt-
ly at the phase transition at the critical field. We have
neglected the possibility that the exchange coupling
might depend on temperature. If the second possibility
dominates, the following analysis is not influenced by the
change, as we consider only the antiferromagnetic phase.

In a comprehensive study of the crystal fields of the
rare-earth ions in nonmagnetic metallic surroundings,
Touborg'? found that these systems obey the point-
charge relation, B¢ = —(77/8)BY, to a very good approx-
imation. The same is true in pure Ho,’ indicating that it
is justified to use this relation for Tm. Two crystal-field
parameters then remain undetermined. At low tempera-
tures where the moments are close to their saturation
value, the MF ground state and the first dipolar excited
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FIG. 2. The different harmonics of {(J,. ) in Tm as function
of temperature. The experimental results are taken from Ref. 3.
Additional results for the seventh harmonic, the ferromagnetic
moment, are from Refs. 4 and 6. The solid lines are our calcu-
lated results.

state are almost exactly pure |+6) and |£5) states, re-
spectively (+ or — depending on the site considered),
and the crystal-field contribution to the energy difference
between these two states is

Acp=—6J,B3—80J;B—336J5B? , (14)

where J,=(J—4)XJ —1)---(J—n/2). This splitting
determines the lower bound of the spin-wave energies,
which is found to lie near 8.5 meV from the analysis of
the inelastic data. The same quantity can be estimated
from the basal-plane component of the susceptibility in
the low-temperature limit, and y,, at 4.2 K is calculated
to be 0.69 meV™' in atomic units, corresponding to
(J,)=0.078J at a field of 10 T. The experimental values
determined in Refs. 5 and 6 are 0.83 meV ! and 1.06
meV ™!, respectively. These larger values probably reflect
the difficulty of keeping the sample in place when trying
to magnetize it along a magnetically very hard axis. BY
in the dilute Tm systems'? is small and yields a contribu-
tion of only —0.6 meV to Acg. It might have been ac-
ceptable to use this value of BY for determining the last
free parameter in the crystal-field Hamiltonian, as the
other crystal-field parameters are close to those derived
in the dilute cases. However, the comparison with the
experimental low-energy variation of S (k,w) at tempera-
tures above 30 K is improved significantly by taking
BY=0 instead. Our final crystal-field parameters for Tm

TABLE I. The interplanar exchange coupling coefficients in Tm, defined by Eq. (2) and given in

units meV.
Fo & &, &y &Fs &Fs
0.098 0.057 —0.022 —0.025 —0.010 —0.002
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TABLE II. The crystal-field parameters for Tm. The first row gives the values derived in the present
analysis and the second row those found for Tm diluted in Y, Lu, and Sc (Table IV in Ref. 12). All the

parameters are in units of meV.

BY BY BY BS
Tm metal —0.096 0.0 —0.92X1073 8.86 X 1077
Dilute Tm —0.086 0.6X1074 —0.84X107° 8.09X 1073

are given in Table II together with the values derived for
the dilute systems. Figure 3 shows the energies of the ex-
cited crystal field levels as a function of the field gug H.

To our knowledge neither the elastic constants nor the
magnetoelastic strains have yet been measured in Tm.
Consequently we have used appropriate values deter-
mined for the other rare-earth metals. The dispersion re-
lation of the transverse phonons propagating in the ¢
direction of Tm is assumed to be given by Eq. (13). This
relates the maximum frequency w, with the elastic con-
stant c,, through ¢, =M (woc/2)>. c4 has been mea-
sured in the other heavy rare-earths, see, for instance,
Ref. 13. From the systematic variation of c,, through
the series, we estimate that its nonmagnetic value in Tm
at low temperatures should be (2.940.3) X 10'° J/m? cor-
responding to ¢, =21.8 eV and #w,=(8.3510.4) meV.
This estimate is consistent with the result #w,=8.5 meV
obtained from calculations'* of the lattice dynamics in
Tm.

The value of the magnetostriction parameter H =2A°
is 0.02 for Tb in the low-temperature limit.!' If we as-
sume that this parameter scales with the quadrupolar
Stevens factor a, it should be the same in Tm but with
opposite sign. In the analysis of the inelastic scattering

20
0.996 0>+ 0.092 |65> — Jdis m
0.943|15,0> +0.334|55 5> 3
<
<
0.852125 9> +0.523|4 5> 3
| 1o @
13>~ =
0.943155 3> =0.334 15>~
0.852] 4¢ o> ~0.523|24 5>~ s
134>
66>
0.996|64 > -0.092]0> L L ! . 0
0.0 05 1.0 1.5 20 25

Field (meV)

FIG. 3. The crystal-field levels in Tm calculated from the pa-
rameters in Table II as a function of the field gug H (1 meV cor-
responds to 14.8 T). The state vectors to the left of the vertical
axis are the zero field states of the corresponding levels (|6,,))
denotes the (anti)-symmetrical combination of |4+6) and
| —6)). The vertical lines are referred to in the text.

intensities, discussed in the next section, the best fit is ob-
tained with the estimate #w;=8.35 meV, and
B2 /4¢_.=0.0035 meV for the coupling parameter in Eq.
(12). This corresponds to B,==*17.5 meV and, choosing
the minus sign, H =2J(J —1)B_./c.=—0.053, which is
not so far from the order-of-magnitude estimate derived
from the coupling in Tb.

Figure 4 shows the calculated c-axis dispersion rela-
tions of the spin waves and transverse phonons in a mod-
el corresponding to ferromagnetic Tm. However, in or-
der to illustrate the corresponding situation in the anti-
ferromagnetic phase, the dispersion relations have been
folded into the magnetic Brillouin zone of this phase,

2.0
10.0
)

8.0 ===~

§ s ———5“_’

I
fe = -

= “‘\’_e‘:"——

> 6.0 - T -

> R iy - i -

= -~ — - -

: e T

- _—
L = -~

0.05 0.10

Reduced Wave Vector (t.  units)

100

FIG. 4. The dispersion relations along the ¢ direction, at zero
temperature, of the spin wave (solid lines) and the transverse
phonons (heavy dashed lines) in “ferromagnetic’” Tm folded into
the magnetic Brillouin zone of the antiferromagnetic phase.
The energies of the phonons coupléd to the spin waves have
been adjusted so as to agree with the results calculated in the
antiferromagnetic phase. The thin dashed lines show the
dispersion relation assumed for the phonons in the nonmagnetic
case. The circles are the experimental results of Fernandez-
Baca et al. (Ref. 2) for the phonon energies.
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which is one-seventh of the lattice zone (the double-zone
representation is assumed to be valid). The MF-exchange
field was adjusted so that the spin-wave bands lie within
the same energy boundaries as in the antiferromagnetic
case. Furthermore, the magnetoelastic coupling was re-
duced slightly in order to obtain the same energies for the
phononlike modes as those calculated in the antiferro-
magnetic phase in the low-temperature limit (except that
the possible small energy gaps on the Brillouin-zone
boundary do not appear in this ferromagnetic case). The
reason for doing this is to show a comparison of the cal-
culated dispersion relation for the phononlike mode with
the experimental results reported by Fernandez-Baca
et al.> They made a number of inelastic scattering scans
with a component of the scattering vector in the basal
plane. In these scans both the magnetovibrational and
the nuclear cross sections for the transverse phonons are
nonzero, leading to larger intensities from these modes,
and thus to a better determination of their energies, than
obtained in c-axis scans. As may be seen in Fig. 4 the
comparison is satisfactory. If the estimate of the non-
magnetic phonon dispersion relation given above is valid,
the phonon energies are clearly reduced from their unper-
turbed values. These changes amount to nearly 15% at
energies between 4-6 meV, and from the slope in the
long wavelength limit the resulting magnetic value of the
elastic constant is estimated to be 20% smaller than the
nonmagnetic one, i.e., ¢}, =(2.3+0.3)X 10" J/m? in the
low-temperature limit.

IV. EXPERIMENTAL DETAILS

A single crystal of thulium of approximate volume 1
cm® was prepared for us at the Ames Laboratory. The
mosaic spread of the sample was 30’ . The crystal has a
somewhat irregular shape, but faces perpendicular to the
principal symmetry directions were cut in order to make
the assessment of the absorption correction easier. The
experiments reported here were carried out using the
thermal neutron triple-axis spectrometer IN8 at the Insti-
tut Laue Langevin, Grenoble. Most of the experiments
were made using neutrons from a pyrolitic graphite (PG)
monochromator, constant-q scans were made with the
scattered neutron energy fixed at E,=14.67 meV. A PG
filter was placed in the scattered beam; appropriate
correction was made for the higher order contributions
affecting the monitor.

A 40’ collimator was placed in front of the sample and
60’ collimators were mounted before and after the PG
analyzer crystal. In this spectrometer configuration the
instrumental resolution width (full width at half
maximum-FWHM) was 1.0 meV for zero energy
transfer and 1.2 meV at 10 meV energy transfer.

The neutron absorption cross section for thulium
varies smoothly with neutron energy in the region of in-
terest to us. It is 177 barns at E; =14.67 meV and 140
barns at E;=22.67 meV, corresponding to 8 meV energy
transfer. The characteristic distance for a 1/e attenua-
tion of the neutron beam is thus 1.7 and 2.2 mm, respec-
tively. Hence absorption corrections need to be con-
sidered in making a quantitative comparison of the
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scattering function at different q values.

The measurements were performed with the sample in
a standard ILL cryostat, at temperatures between 2 and
60 K. Most of the scans were made with the scattering
vector parallel to the c axis.

V. THE MAGNETIC SCATTERING FUNCTION OF Tm

As indicated by Fig. 4 we expect seven different spin-
wave branches at each q vector. However, the average
splitting between these branches is only about 0.3 meV,
and it is not possible to resolve them experimentally. The
diagonal terms in the coupled equations in Eq. (8) have
poles at the same energies as the ferromagnetic spin
waves, corresponding to the dispersion relation shown in
Fig. 4 if it had not been folded into the magnetic Bril-
louin zone. Because of the usual dominance of the diago-
nal terms, the spin-wave structure factor varies such that
the lower part of the spectrum dominates for small values
of g, in the double Brillouin zone of the reciprocal lattice,
whereas the upper part is more important for ¢* close to
1 (¢g* is g measured in units of 27/c). The largest off-
diagonal terms in (8) are those with » =s+1. This means
that the diagonal excitation at a certain q in the Brillouin
zone of the lattice is most strongly hybridized with the
diagonal ones at q+Q. Similarly it is clear that the mag-
netic excitation at wave vector q is most strongly coupled
to the transverse phonons at q+Q. Many features in the
experimental results can be understood within this rela-
tively simple framework.

A. Results at low temperatures

Figure 5 shows the inelastic scattering at the three
wave vectors (0,0,2), (0,0,2.5), and (0,0,3) in the spin-wave
regime between 2-40 K. If we focus first on the results
at the lowest temperature, then it is seen that the main
peak is centered around 8.5 meV at (0,0,2), and its energy
increases slightly with g* to about 10 meV at (0,0,3).
Whereas the peaks at (0,0,2) and (0,0,3) are not
significantly broader than the instrumental resolution,
the one at (0,0,2.5) has a width of about twice the resolu-
tion. In addition to the main peak in each scan, there are
some weaker ones at lower energies, for which the inten-
sity and the position change rapidly with wave vector.
This is illustrated in more detail by the results at inter-
mediate values of the wave vectors at 2 K, which are
shown in Fig. 6. As discussed earlier, we interpret this
scattering as originating from a coupling between the
magnetic excitations and the transverse phonons. The
longitudinal phonons may only couple with the longitudi-
nal magnetic fluctuations, which do not influence the c-
axis scans. Since also their energies are higher (about 7
meV already at ¢*=0.3), the longitudinal phonons
should not make any contribution.

The solid lines on the figures show the RPA results de-
rived in Sec. II using the parameters given in Sec. III. In
all the calculations we have used #€=0.3 meV [in both
Egs. (5) and (12)]. We have also taken advantage of the
fact that the coupled equations can be separated into one
set of scalar equations yielding the cc component with the
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FIG. 5. The inelastic neutron scattering results for Tm between 2 and 40 K at the three wave vectors indicated on the figure. The

solid lines represent the calculated results.

remaining set of (4X4)-matrix equations for the other
components. The results obtained were then convoluted
with a normalized Gaussian, the width of which was ad-
justed to give the best agreement with the experimental
results. In the fit to the data at 2 K, the width was found
to be constant between (0,0,2.5) and (0,0,3) but to increase
somewhat at the smaller ¢* values. Besides this fitting
parameter we have, in principle, one overall scale factor
accounting for the absolute value of the total scattering
intensity, which should change with q proportional to the
square of the magnetic form factor, not included in
S(k,0) given by Eq. (9). In practice it turned out that
the intensity factor, determined separately at each ¢ *, in-
creases by about 20% from the (0,0,2) to the (0,0,3) scan,
whereas the variation of the form factor!® suggests just
the opposite change. However, this is entirely consistent
with the q dependence of the neutron absorption. As dis-
cussed earlier, all the crystal dimensions are larger than 5
mm, hence the absorption of both the incident and scat-
tered beams is significant. Under these conditions, the
absorption will change inversely with « (or sin ) at con-
stant energy transfer. The absorption cross sections
given in Sec. IV lead to an increase of the intensity factor
at (0,0,3) compared to its value at (0,0,2) which is estimat-
ed to be about 50%, in good agreement with the observa-
tions. The absorption also implies that the intensity fac-
tor may depend on the energy transfer in the constant q
scans. In the scans analyzed here the variations due to
the change of the scattering angle and the energy depen-
dence of the absorption cross section very nearly compen-

sate each other, so that the intensity factor is estimated to
decrease by only 4-59%, when the energy transfer is
changed from zero to 8 meV. This small correction has
been neglected. The final ingredient in the comparison is
the background. As may be seen from the figures, the
background chosen in the different cases, given by the
dashed lines, is well determined in the high-energy limit
but some arbitrariness appears at low energies.

The comparisons between the experimental and
theoretical results at 2 K, in Figs. 5 and 6, show that the
calculations account in considerable detail for the line
shape of the spin-wave peaks between 8—10 meV. This
indicates that the model presented in Sec. III not only
predicts the spin-wave energies correctly, but also puts
the right weight on the different branches in the scatter-
ing function. The average position of the peaks has en-
abled us to make an accurate determination of the
crystal-field parameter Acg given by Eq. (14). The varia-
tion of the spin-wave energies and the line shape is deter-
mined, to a first approximation, by #(q). As described in
Sec. III the exchange coupling is established almost solely
by the magnetization data, and only small adjustments
were necessary to fit the present data. The only
significant discrepancy was found at (0,0,3) where the
lower of the two peaks produced by the spin waves (at 8.5
and 10 meV, the peak at 7 meV is due to the phonons) is
calculated to have too high an intensity at the expense of
the upper one. In spite of many attempts, we were not
able to remove this discrepancy without drastically wor-
sening the close agreement obtained at the other q vec-
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FIG. 6. Inelastic scattering spectra for Tm at 2 K, for vari-
ous wave vectors along the ¢ axis.

tors or the fitting of the magnetization curves. This devi-
ation between experiments and the results predicted by
the present model is the only one we have found which
might support our earlier proposal that #(q) is somewhat
temperature dependent, as suggested by the low value of
the critical field in the ¢ direction. This additional indica-
tion is not sufficiently convincing to motivate an exten-
sion of the model. Furthermore, we have made scans at
10 K, where the calculated response is nearly identical to
that at 2 K; here the discrepancy was less pronounced
than in Fig. 5, so it may to some extent be due to experi-
mental uncertainties.

Because of their low intensities, the peaks due to the
transverse phonons at 2 K are more sensitive to back-
ground effects and experimental uncertainties than are
the spin-wave peaks. The present model, describing this
scattering in terms of the simplest possible coupling be-
tween the phonons and the magnetic excitations, Eq. (12),
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explains the main part of the low-energy scattering. We
have considered various extensions of the model without
obtaining any better fit to the data. It is clear that cou-
plings which have the same selection rules as the € cou-
pling can never explain, for instance, the excess scattering
seen between the two peaks at 3 and 6 meV in the
(0,0,2.6) scan, as there is an energy gap in the phonon
spectrum at ¢*=0.029 in the magnetic Brillouin zone
shown in Fig. 4. The only possible way in which this
scattering may be produced by a coupling to the phonons
is to invoke an acoustic-optical coupling with the selec-
tion rules obtained by replacing ¢* with 1/7—g* (see
Fig. 4). Apart from the fundamental problem of justify-
ing such a coupling, which is only possible if the conduc-
tion electrons have a component of their polarization vec-
tor in the basal plane, the experimental indications for
this coupling are not convincing. Although such a cou-
pling would improve the fit to the (0,0,2.6) scan, in most
other cases the comparison with the experimental data
actually becomes worse. We conclude therefore that the
differences between the calculated and experimental
responses at the lower energies, at 2 K, are mainly due to
experimental ‘“‘noise.” One possibility is that since the
excess scattering is centered around 4 meV, it is a weak
reminiscence of the strong peak observed at this energy
in the lower quality Tm crystal studied previously by us.!
Despite the slight reservation, we consider the determina-
tion of the € coupling is trustworthy. Our model repro-
duces the strong effect of the coupling on the line shape
of the spin-wave peaks at 2 K, which is most pronounced
in the middle of the zone. These line-shape effects de-
crease at higher temperatures, and they are no longer im-
portant around 40 K. If the € coupling was neglected,
these effects would have to be explained by the exchange
coupling, requiring a strong modification of #(q) at low
temperatures. The good agreement obtained between the
calculated and experimental phonon energies shown in
Fig. 4 further supports our theory.

We do not expect that the intensity scale factor should
depend on temperature. The variation due to the
Debye-Waller factor can be neglected (T is small com-
pared to the Debye temperature ~ 190 K). Therefore the
intensity factors determined separately for each g value at
2 K have not been allowed to vary with temperature.
The only fitting parameters at higher temperatures are
the Gaussian peak widths, expected to increase because
of intrinsic linewidth effects, and the background level.
When the temperature is changed from 2 K to 19.8 K,
only the intensity of the low-energy phononlike modes in-
creases, since they become thermally populated. The
quite oblique background used at 19.8 K in Fig. 5 is
justified by supplementary data at 10 K. The latter re-
sults are not presented here because the only difference
between the 10-K results and the corresponding ones at 2
K is the change of the background.

At 29.7 K the spin-wave peaks start to become slightly
broader but their positions are almost unchanged. At
low energies the intensities have increased by consider-
ably more than may be accounted for by the coupling to
the phonons alone. This effect has become very pro-
nounced at the higher temperature of 39.8 K. In order to
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explain the reason for this enhanced scattering, we refer
to the field dependence of the crystal-field levels shown in
Fig. 3. At 2 K the molecular field acting on the different
moments in the four up—three down structure is calculat-
ed to vary between 0.45 and 1.77 meV. These limits are
indicated in Fig. 3 by the vertical solid lines from the
ground state to the lowest dipolar-coupled excited state,
at 39.8 K the limits are reduced to 0.28 and 1.32 meV.
At elevated temperatures the lowest excited MF levels (of
predominantly |+3) and |+4) character) start to be
thermally populated, particularly on the sites where the
molecular field is small. This opens up the possibility of
having dipole (J¥) transitions between excited states con-
tributing to the MF Green’s functions: some of these
have energies around 1-2 meV. Hence the RPA model
explains the strong increase in the low-energy scattering
which starts to appear at 29.7 K, well below Ty, as being
due to transitions between excited crystal-field levels.
This feature has allowed us to make a rather accurate
determination of the crystal-field parameters, since a
small change of Bg, from zero to the value derived in the
dilute systems, increases the low-energy intensity by near-
ly a factor of 2 at 39.8 K.

B. Results near Ty

Figure 7 presents the results at 50 and 60 K, i.e., just
below and above Ty =57.5 K. When the scattering vec-
tor is parallel to the c axis, the trends seen at lower tem-
peratures can still be followed. The most remarkable
feature is that, except for some increase in the linewidth,
very little changes when the ordered moment disappears.
The phonon coupling is found to be unimportant at these
temperatures. Above T, where only diagonal couplings
are allowed, it simply vanishes at the two vectors con-
sidered [F£44(q,w)=0 for ¢*=0 or 1]. The only effect
which is not accounted for by the RPA theory is the ex-
cess scattering in the zero-energy limit. We consider this
to be a nonlinear effect deriving from the critical fluctua-
tions occuring near T,. Although the extra elastic
scattering disturbs the comparison at low energies, we
note that the calculated peak at about 2 meV is clearly
visible in the experimental results as a shoulder on the
elastic peak, most pronounced at (0,0,3). The inelastic
excitation seen around 8 meV in the paramagnetic phase
might, at first, be regarded as a nonlinear spin wave ap-
pearing because of strong critical fluctuations. However,
the RPA theory accounts accurately for both the position
and the scattering intensity of this excitation, predicting
it to be predominantly a crystal-field transition from the
nearly doubly degenerate |+6) ground state to the excit-
ed doublet (0.94|/+5)—0.33|+1)). The dispersion of
this mode is very weak at 60 K. The calculations indicate
that the energies lie between 7.8 and 8.0 meV at 60 K,
which should be compared with corresponding values of
8.4 and 9.2 meV below Ty at 50 K, consistent with the
experiments.

The critical fluctuations should be more important for
the cc component of the susceptibility, as this is the com-
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FIG. 7. The magnetic scattering function for Tm below and
above Ty. Results for two wave vectors along the c axis, and at
(1,0,1) are shown. The scattering function at (1,0,1) is a sum of
the basal-plane and the cc components. The calculated contri-
butions of the two different components are indicated by the sig-
natures (— —) and ( - - - ), respectively.

ponent which diverges at the critical point. This com-
ponent cannot be measured separately with neutrons, but
it contributes to the scattering in scans with

k=(1,0,14+¢*). In this case the structure factor of the
hcp lattice implies
S(k,0)<Im[3GP(g*=q*,0)+GP(g*=1—g* 0)]

i.e., the correlation function is a linear combination of the
acoustic and optical responses. Furthermore, the polar-
ization factor means that the basal-plane component and
the cc component add in S(k,w), with their relative
weights being, respectively, 0.62 and 0.38 at (1,0,1). The
results measured for this scattering vector at 50 and 60 K
are shown in Fig. 7. The calculated longitudinal response
includes a strong elastic peak, most pronounced at 50 K,
and in order to fit the tail of this peak we have allowed
the linewidth to be slightly more narrow for the cc com-
ponent than for the basal-plane component. This is a
realistic possibility as the two components are indepen-
dent of each other within RPA.

The quantitative fit obtained for the c-axis scans, to-
gether with the equally good description of the (1,0,1)
scattering clearly indicates that the cc component must
indeed contain an inelastic peak at the position and of
magnitude calculated. There are two crystal-field (J,)
transitions, both with an energy difference slightly larger
than 5 meV, which explain the appearance of the inelastic
peak in the longitudinal response function, and they are
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shown by the vertical dashed lines in Fig. 3. We have
made other (1,0,1+¢*) scans at different ¢* values, with
results in accord with this interpretation. Except for the
diverging behavior of the elastic peak, the dispersive
effects were found to be very small. The RPA model
even gave a correct description of the inelastic scattering,
for fio>2 meV, at the critical point, T=Ty and
g*=—0.27. At 39.8 K only the elastic peak in the cc
component remains of any importance, and this peak
rapidly disappears at decreasing temperatures, consistent
with our experimental observations.

C. Linewidth effects

Finally we discuss briefly the broadening effects detect-
ed in the scattering functions. As already specified, the
calculations were performed assuming a Lorentzian line
shape for the excitations characterized by a width
2%€=0.6 meV. The results thus obtained were then con-
voluted with a Gaussian of width w (=2.350) varied so
as to obtain agreement with the data. The combined to-
tal width (FWHM), A, ,, obtained from the values of #e
and w at (0,0,2), (0,0,2.5), and (0,0,3) is shown in Fig. 8 as
a function of temperature. At 2 K w varies between
about 0.9 and 1.1 meV, and the result in Fig. 8 is derived
from the average, as is also the case at the higher temper-
atures. The value A, /,=1.35 meV at zero temperature is
close to the width of the instrumental resolution function
(1.2 meV). The instrumental resolution function should
be independent of temperature and the steady increase of
A,,, with temperature must be ascribed to intrinsic
linewidth effects. Due to the large spin-wave energy gap
and the relative weakness of the RKKY-exchange in-
teraction, these effects should be very small in the low-

Linewidth (FWHM) (meV)

4
Temperature (K)

FIG. 8. The total width at half maximum intensity, A, ,, as a
function of temperature. The crosses denote the values derived
including the instrumental resolution. The circles indicate the
estimated results for the intrinsic linewidth, assuming the total
width in the zero temperature limit to be determined by the in-
strumental resolution alone. The line is a fit to the intrinsic
width proportional to exp( —E, /T) with E, =85 K.
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temperature limit. In Tb the linewidth of the spin waves
arising from scattering against electron-hole pair excita-
tions of the conduction electrons is about 0.4 meV at zero
temperature (see Ref. 8 and references therein). This
effect scales with (g —1)%, and considering that the other
spin-wave parameters determining the width are nearly
the same in the two metals, the RKKY contribution to
A,/ in Tm should be only about 0.05 meV. Assuming
that A, /, at zero temperature is determined by the instru-
mental resolution function alone, we may deduce the in-
trinsic width, also shown in Fig. 8. Most interestingly,
this intrinsic width is very well described by the exponen-
tial function exp(—E,/T) with the activation energy,
E;,=85 K (=7.3 meV), close to the crystal-field splitting
between the ground state and the dipolar-coupled excited
state. This is exactly the behavior expected, to leading
order, in a crystal-field system, see for example the discus-
sion’® of the linewidth effects in Pr.

VI. CONCLUSIONS

The magnetic scattering function in the ¢ direction of
thulium has been investigated in considerable detail, both
in the antiferromagnetic four-up—three-down phase and
in the paramagnetic phase just above Ty. The RPA
theory developed in Sec. II adequately describes most of
the different phenomena observed, and it therefore pro-
vides a reliable basis for determining the fundamental
magnetic interactions in Tm. Although Tm belongs to
the heavy part of the series of rare-earth metals, the scal-
ing factor (g —1)? for the RKKY-exchange interaction is
small, and the Néel temperature in Tm is low compared
to the crystal-field energy-splittings. The crystal-field
effects are therefore more important in this metal than in
the other heavy rare-earths. Thus, besides the spin-wave
excitations at low temperatures, well-defined crystal-field
excitations have been detected above and below 7'y, both
in the basal-plane component and, indirectly, in the cc
component of the scattering function.

The low-temperature results revealed the presence of a
rather strong coupling between the spin waves and the
transverse phonons. From the analysis we conclude that
most of the magnetic scattering produced by these pho-
nons can be explained by a nearest-neighbor magnetoelas-
tic € coupling. Although some minor discrepancies
remain, there is no convincing evidence for any addition-
al, more complicated, coupling between the spin waves
and the phonons. The derived coupling parameter pre-
dicts a reduction of about 20% of the elastic constant Caa
from its nonmagnetic value, in the zero temperature lim-
it. Another measure of the strength of this coupling is
that its effects, at low temperatures, on the dispersion of
the spin waves are nearly as large as those produced by
#(q). These effects decrease when the temperature is in-
creased, and they are almost negligible close to Ty.

The parameter B was determined from the anisotropy
between the high-temperature susceptibilities. The
remaining crystal-field parameters were derived from the
excitation spectrum, i.e., from the spin-wave energy gap
at zero temperature and from the low-lying transitions
between the excited crystal-field states at elevated tem-
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peratures. Although these effects are quite sensitive to
any change of the parameters, we can only claim that the
lower part of the crystal-field level scheme has been accu-
rately established, as the extra condition used
B¢ =—(77/8)B? may not be exact. Nevertheless, it is in-
teresting to note that the crystal-field parameters derived
for Tm, with its relatively weak two-ion coupling, are
close to those determined earlier'? for the dilute systems.
This situation is comparable with that found in Pr (see
Ref. 16 and references therein), where the RKKY in-
teraction is also rather small.

The RKKY-exchange coupling in the ¢ direction of
Tm was determined by the magnetization data and the
temperature dependence of the magnetic structure, al-
most without need to refer to the excitation energies.
This procedure led to one unresolved discrepancy, name-
ly, that the critical field required for aligning the mo-
ments ferromagnetically along the ¢ axis was calculated
to be about 50% larger than is observed at low tempera-
ture. This effect may be due to an abrupt change of #(0)
at the critical field, or it may indicate that #(q) is some-
what temperature dependent. In the absence of clear evi-
dence, the possible temperature dependence of &#(q) was
ignored in the analysis. The two-ion coupling determin-
ing the magnetization is actually #°“(q) whereas the
spin-wave energies are only affected by #?(q). This
means that the minor discrepancy found in the line shape
of the spin-wave scattering at (0,0,3) may, alternatively,
be explained by an anisotropic two-ion coupling. In the
analysis we assumed that the only difference between the
two components arises from the magnetic dipole interac-
tion, and the good description of the experimental results
allows us to conclude that any other anisotropic two-ion
effects are small in Tm. The reason for this difference be-
tween Tm and the other heavy rare-earth metals, in most
of which anisotropic two-ion couplings are important,”?
may simply be that other two-ion interactions scale in the
same way as the RKKY coupling. Also the higher sym-
metry in Tm, where there is no component of the ordered
moments in the basal plane as in the other heavy rare-
earths, may play a role.

The RKKY coupling, divided by the scale factor
(g —1)? is compared in Fig. 9 for the six magnetic heavy
rare-earth metals.” !’ 72! The most pronounced feature in
this comparison is that the strong peak in #(q) in Tm de-
velops gradually in a systematic way through the series
from Gd, Tb, Dy, Ho, Er to Tm. Another interesting
point is that [#(q)—d(0)]/(g —1)* remains fairly con-
stant at the Brillouin-zone boundary.

The RPA theory accounts very well for most of our ex-
perimental observations. One significant shortcoming is
that the theory does not describe the transverse quasielas-
tic scattering occuring close to Ty, not surprisingly since
this is a critical phenomenon. The only other deficiency
of the theory is that linewidth effects are not included a
priori; however, they have been isolated in the analysis of
the experimental results. These effects are not very
dependent on the wave vector, but they increase exponen-
tially with temperature in the way expected for a crystal-
field system.

The behavior of the spin-wave spectrum in Tm, in
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FIG. 9. The exchange coupling [#(q)—#(0)]/(g —1)? in all
the magnetic heavy rare-earth metals. The experimental results
are from Refs. 17, 18, 19, and 7 in the respective cases of Gd,
Tb, Dy, and Ho, and from Refs. 20 and 21 in the case of Er.

directions other than the direction considered here, is ex-
pected to be very similar. We have made some prelimi-
nary experiments at 2 K, with q lying in the basal plane,
and, as anticipated, the dispersive effects are found to be
small. Our determination of #(q) in the ¢ direction relied
much on the assumption that the magnetization measure-
ments provide a good first approximation. In other direc-
tions of q the exchange coupling will have to be deter-
mined from the excitation energies alone, and it will be
very hard to do that for the antiferromagnetic phase of
Tm. One other possibility is to study the ferromagnetic
phase induced when applying a field larger than the criti-
cal field in the ¢ direction. In this case there will be no
more than two spin-wave branches at each q, and it
should be possible to resolve them, leading to a more
direct determination of #(q). It would also be interesting
to repeat the measurements along the c axis in the fer-
romagnetic phase, in order to see whether any changes of
&#(q) occur.
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