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INVITED REVIEW 

MAGNETIC EXCITATIONS IN RARE EARTH SYSTEMS 

Jens JENSEN 
Physics Laboratory I, H.C. Orsted Institute, University of Copenhagen, DK-2100 Copenhagen O, Denmark 

The observation of magnetic excitations, by means  of inelastic neutron scattering, provides valuable information on the 
magnetic forces acting in rare-earth systems. The RPA (random-phase approximation) theory, developed into its final form in 
the early seventies, is now a widely used tool for analyzing the excitation spectra in systems with well-defined local moments.  
These excitations reflect both the dynamics of  the single moments  and the interactions of these moments  with their 
surroundings. 

A discussion of the information which has been obtained from studies of the magnetic excitations in the rare-earth metals is 
presented. The emphasis  is laid on Pr-metal which has attracted much interest in recent years. Recent progress in the 
investigation of rare-earth intermetallic compounds,  like the Laves-phase and the CsCl- type-compounds and the rare-earth 
pnictides, is also considered. Some aspects of the magnetic properties of the actinides can be understood in terms of a model of 
localized moments ,  and we include a discussion of USb, where the spin-wave spectrum contains direct evidence that the spins 
are ordered in a triple-q structure. 

The magnetic excitations may be coupled to the phonons  and in the metallic systems they interact with the electron- hole 
excitations of the conduction electrons. Therefore the sound velocities and the effective mass  of the conduction electrons can be 
strongly affected by the spin system. Recent developments within these areas are also reviewed. 

I. Introduction and general theory 

In most systems the magnetic moment of a 
rare-earth ion may to a good approximation, be 
treated as a conserved entity, i.e. as a localized 
moment, characterized by the ground-state value 
of the total angular momentum, J, and the Land6 
factor, g, of the isolated ion. In this review we 
restrict ourselves to systems where this is the case, 
which greatly reduces the complexity of the dy- 
namics. In metallic systems the localized spins are 
coupled indirectly via the exchange interaction to 
the conduction electrons. With a few exceptions, 
the orbital contribution to the total ionic momen- 
tum is large, which means that J is influenced 
relatively strongly by the crystalline field. 

The simplest description of a rare-earth system 
is based on the Hamiltonian: 

% = ~ [ V c ( J , ) - - g / L B J ~ ' H ] - - ½  2~ $(0")~ ' J / ,  (1) 
i iv~j 

where Vc(Ji) is the single-ion term due to the 
crystalline field, H is the external field, ~(/j') is the 
RKKY-exchange interaction, which is propor- 

tional to ( g - 1 )  2 and the susceptibility of the 
conduction electrons. The molecular-field ap- 
proximation (MFA) is utilized for the determina- 
tion of the static properties: 

~JCMF= X [ V c ( ~ ) -  {g/~BH+ (.I)~(0)} "J,], (2) 
i 

$(q)  is the Fourier transform of $(0"); for simplic- 
ity (J~) is assumed to be independent of the 
position. The MFA involves a diagonalization of 
eq. (2) yielding the (2J  + 1)-eigenvalues Ep and the 
corresponding statevectors IP), together with a 
self-consistent calculation of the thermal expecta- 
tion value 

£J)=~(plJIp)np, 
p 

w h e r e  np is the population factor, 

n p =  e - - E p / k " T / ~  e -Eq/kBT. 

q 

The dynamic response function for a single 
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momentum, X0(~0), is then determined as: 

= lim 
~ 0  + 

( p l L l q ) ( q l J a l p )  
E E p - E q - ~ - - i ,  (Flq--I'lp) 
P,q 

Ep~-Eq 

+ m 1 c 

kBT c -- io~ 
P,q 

Ep=Eq 

(plJ~lq)(qlJat p)np 

(3) 

In the random-phase approximation (RPA) the 
generalized susceptibility tensor is deduced to be 

x (q , ,~ )  = [1 - X0( ,o )~ (q ) ] - 'X0( ,~ )  (4) 

and the two-site correlation or scattering function, 
which determines the cross-section for neutron 
scattering is 

S ( q , o ~ ) = l x " ( q , ~ ) / ( 1  - e  ~/k,r).  (5) 
q7 

The RPA-result, eq. (4), for the q-dependent sus- 
ceptibility was derived in the early seventies by a 
number of authors using either a diagrammatic 
expansion of the Green's functions or by a de- 
coupling of the equations of motion; see for ins- 
tance the reviews in refs. [1,2]. The different proce- 
dures are much facilitated by the use of the stan- 
dard-basis operators, ] p )  (q I- The theory has gen- 
eral applicability but the actual calculation of 
x (q ,  ~0) requires in most cases the assistance of a 
computer. Analytic expressions for x(q,~0) are 
obtainable if the number of levels is small, J = ½ or 
1 and the singlet-triplet model, or in the Heisen- 
berg limit ~(0)J  2>> [V~]. These are also the only 
cases where the RPA-theory above has been im- 
proved. 

There are two improvements of the theory which 
are desirable. Firstly, an obvious shortcoming is 
that the dipole-excitations appearing in $(q,  0~) 
are &functions in w. Secondly, the theory is not 
self-consistent, since the presence of two-site corre- 

lation modifies the single-ion averages, r t p .  These 
corrections should in principle be obtainable by 
summing S(q, ~), and the similar correlation func- 
tions for the standard-basis operators, over q and 
w. However, in most cases they depend on the 
particular choice of the RPA-correlation functions 
and cannot be trusted [3,4]. The RPA-theory above 
has been stringently refined for J = 1 in the easy- 
axis case by Yang and Wang [3], and in the 
paramagnetic easy-planar case by Bak [5] and 
Jensen [4]. The J = ½ Ising model has been analysed 
t h o r o u g h l y  by  S t i n c h c o m b e  [6]. High-  
temperature-series expansion results are available 
in these cases and for the singlet-triplet model; 
see the review by Wang [7] and the recent paper of 
Johnson and Wang [8]. We shall also mention the 
correlated-effective-field method of Lines [9], 
where effects due to two-site correlation are in- 
troduced in a simple phenomenological, but physi- 
cally reasonable, way. The theory is of general 
utility, and it predicts the static properties of many 
systems more accurately than the MFA. A com- 
parison with the more refined theories indicates 
that the method of Lines is most acceptable in the 
weak-anisotropy limit. 

The simple RPA-theory, eqs. (2)-(4), is 
straightforwardly extended to cases where the 
Hamiltonian, eq. (1), includes additional interac- 
tions. The presence of general two-ion couplings in 
eq. (1) may be expressed using a compact 
matrix-notation. We introduce the generalized p- 
dimensional momentum operator: JP z ( j~ ,  j~ , j~,  

O,,,, 0/,, ,, . . . . .  ) where 0r,  , are Racah operators of 
rank higher than 1, and p 1> 3. A general two-ion 
Hamiltonian may then be written in terms of a 
p × p coupling-matrix: 

(~,~ = --½ E J f ~ ' ( 0 ) ~  p. (6) 
i ~ j  

Introducing p × p susceptibility-matrices the 
RPA-result may be expressed as above except that 
~ (q )  in eqs. (2) and (4) is replaced by ½[~(q)+  
~.*(q)]. The magnetic response is then determined 
by the upper left 3 × 3 matrix of x ( q , ~ ) .  The 
RPA-theory may also be extended (see for ins- 
tance ref. [2]) to cases where the magnetic excita- 
tions are coupled to the phonons, the electron-hole 
pair excitations of the conduction electron, the 
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nuclear magnetic moments, or magnetic impuri- 
ties. 

The inelastic neutron scattering cross-section is 
proportional to (the magnetic part of) $(q, w). The 
information obtained by studies of the excitation 
spectrum is usually not sufficient for a determina- 
tion of the different terms in the Hamiltonian. In 
general one has to combine these results with 
various studies of the bulk properties (magnetiza- 
tion, magnetostriction, heat capacity) and their 
dependence on the thermodynamical variables 
(magnetic field, stress, temperature). In the follow- 
ing sections we shall discuss a number of specific 
examples. Extensive reviews of magnetic excita- 
tions in rare-earth systems have been published 
[1,2,10-13]; see also a number of the invited con- 
tributions in ref. [14]. We will attempt to include 
some of the essential features of these reviews and 
to emphasize recent developments. We concentrate 
on the rare-earth metals and intermetallic com- 
pounds, in which systems dispersive effects are 
important. 

2. The heavy-rare-earth metals 

The magnetic excitations, i.e. the spin waves, in 
the low-temperature phases of the heavy rare-earth 
metals Gd, Tb, Dy, Ho and Er are fairly well 
described, both experimentally and, on a phenom- 
enological basis, theoretically; see the reviews 
[1, 10-12]. Because L = 0  for the Gd+3-ion the 
crystal-field anisotropy vanishes to leading order 
and Gd-metal is very close to a Heisenberg system. 
Gd is ferromagnetically ordered below 293 K. Be- 
cause Vc can be neglected the RPA-theory is con- 
siderably simplified, and the lack of self-con- 
sistency in eq. (4]) is remedied in a straightforward 
manner, in which case the theory becomes identi- 
cal to the elementary RPA-spinwave theory. 

Cable et al. [15] have studied the temperature 
dependence of the magnetic excitation spectrum of 
Gd close to T¢. The stiffness constant of the spin 
waves in the long-wavelength limit is observed to 
vanish at T~ in a way which is consistent with 
hydrodynamic scaling theory. For spin-waves at 
large q-values the linewidths show a pronounced 
broadening close to T~, but the peaks persist at 

non-zero energies above T c up to about 1.2T c. 
At low temperatures Tb and Dy are ferromag- 

nets with their moments perpendicular to the c-axis, 
and Ho and Er are ordered in conical structures. 
In these metals the crystal-field is important. Due 
to the anisotropy the magnitudes of the ordered 
moments at T = 0 are slightly reduced from their 
maximum values by about 0.5-1.0%. The elemen- 
tary spin-wave theory, which assumes equally 
spaced IJz--M)-levels, has been generalized to 
account for the off-diagonal coupling of these 
levels which is introduced by Vc; see refs. [16,17] 
and references therein. These calculations utilize 
essentially e/J as the expansion parameter, where 
e is the ratio between the anisotropy and exchange 
energies, Vc/~(O)J 2. Numerical  calculations 
[12,18] performed on models corresponding to Tb 
(e/J~-0.06) and Er(e/J~-O.15) at T =  0 showed 
that the generalized spin-wave theory [ 17] agrees in 
all essential features with eq. (4) which involves an 
exact treatment of the MF-Hamiltonian. The im- 
portance of the anisotropy is expected to be re- 
duced at elevated temperatures; see also the dis- 
cussion of the spin waves in ErFe 2 [19]. In com- 
parison with the general RPA-theory, eq. (4), the 
spin-wave theory has the advantage of being much 
more transparent, both with respect to the extrac- 
tion of relevant parameters and when considering 
various perturbations. 

As discussed in some reviews [1,12] there is 
indirect evidence that anisotropic two-ion cou- 
plings in Tb and Er at low temperatures contribute 
to the dispersion nearly as much as the Heisenberg 
interaction. In Tb these anisotropic contributions 
are isolated by studying the field-dependence of 
the spin waves propagating in the c-direction [20]. 
A number of the effects in Tb, which are con- 
sistently explained in terms of anisotropic two-ion 
couplings, differ distinctly from the minor single- 
ion anisotropy effects neglected in the spin-wave 
theory. Although the analysis of the spin-wave 
dispersion in the c-direction of Er [21] indicates 
that the two-ion anisotropy is relatively more pro- 
nounced in this metal, the interpretation is subject 
to larger uncertainties than in the case of Tb. The 
experimental dispersion relation [22] can be repro- 
duced in an acceptable way without the incorpora- 
tion of anisotropic two-ion couplings [23], but this 
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interpretation requires a constant anisotropy term 
of 35 meV, which is almost a factor of two larger 
than that deduced [24] from magnetization mea- 
surements, and the intensity-ratio between the + q  
and - q  spin-wave branches of the cone differs 
from the experimental value by a factor of about 
three in the interval ~/c<q< 2~r/c. Both these 
discrepancies are removed when anisotropic two- 
ion couplings are introduced [21]. 

Large couplings between the lattice and the 
angular momentum system have been detected in 
most of the rare-earth metals; again Gd-metal  is 
an exception. For example, the spin waves and the 
phonons have been observed to be hybridized in 
Tb, Dy and Er, and these crystals are distorted 
appreciably in their ordered phases. The velocity 
of the transverse sound waves in Tb with both 
propagation and polarization vectors in the basal 
plane have recently been studied [25]. If we con- 
sider the transverse sound waves propagating 
parallel to a field applied along the hard a-axis in 
the basal plane of Tb, the RPA-theory predicts 
that the velocity of these waves should vanish at 
the second-order transition (below T~) from a phase 
where the magnetization is parallel to the field to a 
phase which has a moment  perpendicular to the 
field. The upper marginal dimensionality [26] for 
this transition is d* = 2, corresponding to a struct- 
ural phase transition in a cubic crystal with ¢66 
being the soft elastic constant, except that in the 
case of the magnetic transition the long-range di- 
pole coupling further depresses the importance of 
the critical fluctuations by lifting the degeneracy 
between the transverse waves propagating parallel 
or perpendicular to the field (this argument was 
not given correctly in the original paper [25]). With 
the coupling parameters determined by magneto- 
striction measurements, the RPA-theory gave a 
reasonable account of the Ultrasonic experiments, 
in which c66 was observed to be reduced by as 
much as 50%. Due to experimental difficulties 
a n d / o r  intrinsic damping effects the transmitted 
sound waves could not be detected in the close 
neighbourhood of the transition. 

The interaction between the spin waves and the 
electron-hole pair excitations of the conduction 
electrons has been studied in the ferromagnetic 
phase of Tb. The scattering of the magnons by the 

conduction electrons has been observed directly as 
giving rise to a non-zero linewidth of the magnons, 
A ~ 0 / ~ 0 . 0 5 ,  in the low-temperature limit [27]. 
The q-dependence of the width reflects the split- 
ting of the polarized electron bands, increasing 
quite abruptly around 0.25 ,~-  t. As shown in fig. 1 
the simple free-electron model accounts qualita- 
tively for the observed q-dependence and agrees 
within a factor of two corresponding to the uncer- 
tainties involved in the model, with the absolute 
magnitude of the effect. This seems also to be the 
case for the electrical resistivity of ferromagnetic 
Tb, which has been measured and calculated in the 
temperature range 1.5-50 K by Hessel Andersen 
and Smith [28]. In the calculation the band split- 
ting A = c T (k)  -- c ~ (k),  is neglected, which ap- 
proximation seems to be quite generally accepted. 
In a consistent use of the free-electron model the 
magnetic resistivity-integral is dominated at low 
temperatures by umklapp-scattering processes and 
the small-angle scattering is absent because the 
exchange-splitting introduces a cut-off at qmin z 

k~- -- k~ ----- ½ ( A / c v ) k  F.  In this model the linewidth 
of the magnons in fig. 1 for q < qmin ~ 0.25 A-1 is 
correspondingly due to processes for which the 
scattering vector is larger than a reciprocal lattice 
vector but smaller than 2k v ~ 2.8 ,~-J.  Without 
the cut-off the linewidth would diverge like 1/q in 

06 + T  F 

a2~ 

0.0L l j J I I I 
0.0 0.21 0.4 0.6 0.a ~.0 

Clrnin 

WAVEVECTOR (~-~) 

Fig. 1. The linewidths of the magnons propagating in the 
c-direction of Tb at 4.2 K. The experimental results are from 
ref. [27]. The solid line shows the result of a free-electron-model 
calculation, which includes umklapp-scattering processes (2k F 
=2.8 ,~ i) and qmin is the smallest scattering vector allowed 
due to the exchange splitting of the bands. 
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the long wavelength limit. Although, the free elec- 
tron model is very crude, the apparent success of 
the model in fig. 1 indicates that the resistivity 
calculations should include the cut-off and the 
umklapp-contributions in order to give a reasona- 
ble account of the strongly polarized ferromagnets 
Gd, Tb or Dy. 

3. The light-rare-earth metals 

The two light-rare-earth metals, Pr and Nd, 
have been studied extensively in recent years. These 
metals crystallize in the dhcp-structure with four 
ions per unit cell. The point symmetry is hexago- 
nal for the two sites and nearly cubic for the other 
two. Nd orders at 19.9 K in a longitudinally 
polarized antiferromagnetically modulated struc- 
ture. At T N the modulation vector, Q, is 0.144 in 
reduced units and is directed along the b-axis in 
the basal plane [29]. Based on renormalization 
group arguments [30] it is suggested that the actual 
magnetic structure is a superposition of the three 
"single-Q" domains, corresponding to the three 
possible directions of Q, the so-called triple-Q 
structure [31]. Slightly below T N, at - 1 9 . 3 K ,  
there is another phase transition where the direc- 
tion of Q starts to deviate from the b-axis. The 
neutron diffraction work on Nd has recently been 
reviewed by Lebech [29]. In spite of several at- 
tempts [32] no well-defined magnetic excitations 
have been observed in Nd, neither above nor 
below TN, nor when the moments are aligned 
ferromagnetically in an external field, with the 
exception of the report of Sinha [1], that there are 
some signs of two crystal-field excitations of the 
cubic ions at high energies (see note (1) added in 
proof). 

In Pr, where J = 4, the hexagonal and cubic 
ions constitute two non-magnetic singlet-ground- 
state systems. The two systems are only weakly 
coupled, but the two-ion interaction between the 
hexagonal ions is just below the threshold at which 
an ordering similar to the one observed in Nd 
becomes energetically favourable at low tempera- 
tures. The studies of the magnetic excitation spec- 
trum in Pr both as a function of temperature [33] 
and of magnetic field [34] have led to a very 

detailed understanding of the magnetic properties 
of Pr; see also the review [13]. The ground state of 
the hexagonal ions is the 10)-singlet, z being along 
the c-axis, and the crystal-field splitting between 
this level and the dipolar excited [--+ 1) doublet is 
(3.52 -+ 0.1)meV. The ground state of the cubic 
ions is close to being the Ft-singlet, with the F4-tri- 
plet lying at (8.4 -+ 0.1)meV above the ground state. 
The possibility that the F4-triplet is split into a 
singlet and a doublet, due to the deviation from 
cubic point symmetry, has not yet been investi- 
gated experimentally. 

A molecular-field model, which includes all the 
crystal-field levels of the Pr-ions, has been devel- 
oped [34]. This model accounts for the field and 
temperature dependences of the excitation energies 
and for the bulk properties at low temperatures. 
At elevated temperatures the model predicts cor- 
rectly the magnetic specific heat [4], but the calcu- 
lated bulk-susceptibilities do not agree satisfactory 
with experiments. Lebech and Rainford [35] have 
recently separated the contributions of the hexago- 
nal and cubic ions to the c-axis susceptibility. The 
hexagonal contribution vanishes at low temper- 
atures, and the model predicts that this contribu- 
tion starts to be significant above 10K, whereas 
the experiments show that this does not happen 
before the temperature exceeds ~ 20 K. The failure 
of the molecular-field model at these low temper- 
atures is somewhat surprising. The high temper- 
ature discrepancies might be due to the temper- 
ature dependence of the magnetoelastic, a-strain, 
contribution to the axial anisotropy. The magni- 
tude of this magnetoelastic coupling can be esti- 
mated from the magnetostriction measurements 
[36]. We have found that this effect only leads to 
minor improvements of the model, the most 
noticeable being the removal of the low-tempera- 
ture difference, of about 40 kOe [34], between the 
calculated and the observed field of 320 kOe for 
the transition occurring when the field is applied 
along the c-direction. Another possibility is that 
the two-site correlation effects might give rise to 
important modifications. However, we found to 
leading order that the presence of correlation only 
introduces small adjustments of the "effective" 
MFA-susceptibilities [4]. 

In fig. 2 is shown the dispersion relations for 
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Fig. 2. Dispersion relations for the magnetic excitations propa- 
gating on the hexagonal sites of Pr at 6.4 K. The squares and 
circles denote the experimental results for the acoustic and 
optical modes, respectively. The lower of the optical and acous- 
tic branches are the excitations polarized (predominantly) 
parallel to the wavevector and the upper ones are the transverse 
modes (after ref. [34]). 

mode which would determine the magnetic struc- 
ture appearing at a second-order phase transition. 
The magnetic structure expected in Pr coincides 
with the one observed in Nd, suggesting similar 
two-ion couplings in the two metals. In fig. 3 is 
shown the temperature dependence of some mag- 
netic excitations in Pr. The dashed curves are the 
predictions of the molecular-field model discussed 
above, and the solid lines are the results when 
correlation effects are included [4]. The lowest 
mode in fig. 3 is the incipient soft mode. If we 
define R T as the ratio between the actual exchange 
coupling and the value which would drive the 
system critical at the temperature T, ( R T ~ - - 1 )  
then the RPA-value of 1 - R T is the square of the 
ratio between the energy of the incipient soft mode 
and the crystal-field splitting of 3.52 meV, that is 
Rr=0--~0.92 in Pr. The nmgnetoelastic "r-strain 
coupling, which might distort the hexagonal sym- 

the singlet-doublet  excitations propagating on the 
hexagonal sites of Pr at 6.4 K. At wavevectors with 
a component  perpendicular to the c-axis the dou- 
ble degeneracies of the acoustic and the optical 
branches are lifted. This result provides unambigu- 
ous evidence for the presence of two-ion anisot- 
ropy in Pr, which is of the same order of magni- 
tude as the isotropic interaction. It is worth noting 
that the symmetry of this anisotropic coupling 
differs from those deduced to be contributing to 
the c-axis dispersion in Tb or in Er, but is the 
same as those lifting the acoustic-optical degener- 
acy of the spin waves at the K-point  in Tb, which 
splitting amounts to about 0.4 meV [37]. Now K is 
a point of high symmetry, which for instance 
implies that the excitations in Pr should be doubly 
degenerate, and the observed four-fold degeneracy 
must be accidental. In Tb, the symmetry only 
allows the coupling between the two hcp-sub- 
lattices to contribute to the splitting at K. Instead, 
we expect that anisotropic couplings of the type 
observed in Pr should have more influence around 
M, by giving rise to energy differences of the order 
of 2meV between spin waves at a given q but 
propagating in the different magnetic domains. 

The excitation of lowest energy in Pr is the 
longitudinal optical mode with a reduced wavevec- 
tor of 0.13 along FM. This is the incipient soft 
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Fig. 3. The excitation energies at three different q-vectors in Pr 
as functions of T. The lowest lying mode in the figure is the 
incipient soft mode. The dashed lines are the results deduced 
using the MF-model of Houmann et al. [34]. The solid lines 
show the results of the self-consistent RPA-theory applied to 
the same model (after ref. [4]). 
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metry of the basal plane, is well established in Pr, 
both by its effects on the magnetic spectrum [34], 
from sound velocity measurements [38], and from 
magnetostriction experiments [36]. Because of this 
coupling the application of a uniaxial pressure in 
the a-direction splits the crystal-field I -  + 1) doub- 
let and decreases the energy of the incipient soft 
mode. The RPA-theory predicts a second-order 
soft-mode transition at a pressure of - 0.7 kbar  in 
the low temperature limit [34, 38]. The occurrence 
of this transition was verified experimentally by 
McEwen et al. [39], who also observed a large 
reduction of the energies of the longitudinal opti- 
cal modes with wavevectors close to the critical 
one. More extensive and accurate measurements 
have later shown [40] that the transition occurs at 
approximately half the pressure predicted above. 
At sufficiently low temperatures, below ~ 0.5 K, 
the hyperfine interaction between the ionic and 
nuclear spins becomes important,  as discussed by 
Murao [41]. The zero-frequency contribution of 
this coupling to the magnetic susceptibility implies 
that the system eventually orders without the ap- 
plication of an external pressure. This transition 
has been studied in a neutron diffraction experi- 
ment by McEwen and Stirling [42], and in agree- 
ment  with heat capacity [43] and resistivity [44] 
measurements there are indications that the phase 
transition occurs in the temperature interval 50-  
200 mK. The interpretation of the experimental 
data is obscured by the presence of a quasielastic 
peak with maximum intensity near the critical q, 
but of large width in q-space [39,42,45,46]. The 
peak appears around 10 K and the intensity in- 
creases steadily with decreasing temperatures. 
Around 5 K the maximum intensity is about one 
fourth of the inelastic intensity of the incipient 
soft mode. Below --1 K a much sharper peak 
develops on top of the broad one. Careful investi- 
gations [46] show that the narrow peak still has a 
finite width in q-space, and that a Bragg-peak, 
showing longe-range magnetic ordering, does not 
appear  until - 60 mK. Around 40 m K  the ordered 
moment  is about 0.4/~B/hexagonal ion and is still 
increasing [46]. The quasielastic peak-intensity 
around 5 K is 20-40 times larger than the esti- 
mated elastic contributions due to the couplings to 
the nuclear spins or to the electron-hole pair 

excitations of the conduction electron. The experi- 
mental  value of R 0 ranges from the RPA-value of 
0.92 to 0.96. These values are derived from the 
specific heat [43] and the pressure experiments 
[40], respectively. The excess scattering intensity of 
the quasielastic peak above 1 K (which was over- 
estimated by a factor ~ 4 in ref. [4]) indicates that 
R 0 is slightly larger than the RPA-value, namely 
R 0 ~ 0.935, which corresponds to Ty ~ 60 m K  in 
agreement with the observation in ref. [46]. 

The introduction of magnetic impurities in Pr 
may enhance the low temperature susceptibility 
and thereby increase T N to a more accessible 
range. The excitation spectrum in Pr + 5% Nd has 
been studied, both in the paramagnetic and in the 
ordered phase. The spectrum showed clear evi- 
dence for a crystal-field level of the Nd-ions on the 
hexagonal sites lying around 1.4 meV. A CPA- 
calculation [47] has been performed in this case 
and the linewidth of the excitations just above T N 
was found to be enhanced by a factor of about 
two due to the Nd-impurities, in fair agreement 
with the observations. A similar investigation of 
Pr ÷ 2.5%Nd is in progress, and neutron diffrac- 
tion measurements [46] have revealed that many of 
the features of pure Pr are also present in this 
alloy system. 

The linewidth of the magnetic excitations in 
pure Pr between 1-30 K is mostly due to single-site 
fluctuations, as considered by Bak [5]. The scatter- 
ing against the electron- hole pair excitations of 
the conduction electrons, which has been treated 
by Becker et al. [48], is found to be of importance 
for the acoustic modes in the long-wavelength and 
low-temperature limits [34]. Forgan [49] has mea- 
sured the heat capacity of Pr between 1 and 6 K in 
magnetic fields of 0 - 4  T applied in the basal plane. 
The linear electronic term y T  was found to be a 
factor of four larger than the value Y0 = 5.0 m J / m o l  
K 2 expected from band calculations; see for ins- 
tance the review by Harmon [50]. Further, y was 
found to be reduced by 25% at maximum field; see 
fig. 4. White and Fulde [51] have explained both 
the mass-enhancement effects as being due to the 
coupling of the conduction electrons with the mag- 
netic excitations. The estimation of the effect in Pr 
made by White and Fulde may be improved, 
utilizing that the dispersion of the magnetic excita- 
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Fig. 4. The linear electronic term, 7T, in the heat capacity of 
Pr. "/ is shown as a function of a magnetic field applied in the 
basal plane. The experimental results have been obtained by 
Forgan [49]. The solid line is the result of the calculation using 
eq. (7) (after ref. [52]) based on the theory of White and Fulde. 
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4 .  I n t e r m e t a l l i e  r a r e  e a r t h  c o m p o u n d s  

The ra re-ear th  monopnictides crystal l ize  in the 
NaCl-s t ruc ture .  In  these c o m p o u n d s  dispers ive  
magne t i c  exci ta t ions  have been observed in TbSb  
[53], PrSb [54], and  in T b P  [55,56]. These cubic  
systems all have the Fi-s ingle t  as the g round  state. 
The  exchange coupl ing  in TbSb  and  in T b P  ex- 
ceeds sl ightly the cri t ical  value, and  they order  in 
the type  I I - an t i f e r romagne t i c  s t ructure  at 15.1 and 
7.4 K, respectively.  The  phase  t rans i t ion  in TbP  is 
of  first  order .  PrSb is undercr i t ica l  but  the appl ica-  
t ion of a hydros ta t i c  pressure  larger  than abou t  30 
k b a r  reduces the F I - F  4 spl i t t ing so much that  a 
t rans i t ion  to a type I -an t i f e r romagne t  occurs  [54]. 
The  pa ramagne t i c  exci ta t ion at the modu la t i on  
vector  of  the o rdered  phase  in PrSb is not  expected  
to become comple te ly  soft at the phase  t ransi t ion,  
because  of  the elast ic  con t r ibu t ions  of the F 4- and  
Fs-tr iplets  to X0(O~ = 0), i.e. the second term in eq. 
(3). In  fig. 5 are shown the exper imenta l  results for 
PrSb [54] c o m p a r e d  with the R P A - b e h a v i o u r  ex- 
pec ted  for the cri t ical  mode  when T N = 18 K. The 
agreement  is convincing,  but  this is not  the case 
be low T N where  the ca lcula ted  mode  lies abou t  a 
fac tor  of two higher  than  the observed  one. This 

t ions in Pr  only  in t roduces  minor  corre la t ion  ef- 
fects a round  1 K [4]. Wi th in  an es t imated  error  of 
less than 10% we can replace  x ( q ,  0~ = 0) in the 
in tegra l  over  q-space  occurr ing  in the mass-en-  
hancemen t  factor,  eq. (8) in ref. [51], by  the non-  
in te rac t ing  value X0(W = 0), see eqs (3) - (4)  above,  
or  when using the no ta t ions  of ref. [51]: 

Y=Y0 l + ( g - - 1 )  JsrN(0)  

°" °° ) }1 tX0.c,bt , + X0,he×( 0 - (7) 
/ 

The  solid l ine in fig. 4 [52] shows the behav iour  
p red ic t ed  by  eq. (7) using Y0---5.0 m J / m o l  K 2, 
co r r e spond ing  to N(0)---- 1.06 e V - i  per  a tom and 
spin, and Jsr---0.092 eV. This value of  J.~t agrees 
wi th  that  deduced  f rom the po la r iza t ion  of  the 
conduc t ion  e lect rons  in Gd .  

I I ] I 
PrSb 

O5,0) . P = 3.4 GPa (1.05,1. 

~11,1.0) 

I , I I 
10 I 210 30 4 0 - - ~ 0  

TN 
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Fig. 5. The temperature dependence of the magnetic excitations 
in PrSb when a hydrostatic pressure of --3.4 GPa is applied. 
McWhan et al. [54] found that T N =(18± 1) K at this pressure, 
and the figure shows their experimental results for the critical 
mode (1, 1, 0) and for a mode with a slightly different wavevec- 
tor (1.05, 1.05, 0). The full lines show the dependences predic- 
ted by the RPA in the paramagnetic phase. The result for the 
critical mode is determined alone by T N and the crystal-field 
level scheme proposed in ref. [54]. 
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discrepancy might be due to the magnetoelastic 
couplings which are important  for the formation 
of the ordered structure. TbP is less critical than 
PrSb because of the onset of a first-order transi- 
tion, and the RPA-theory correctly predicts the 
energy and the scattering intensity of the excita- 
tions in the paramagentic phase, even in the close 
neighbourhood of T y [55]. The RPA-theory is not 
directly affected by the presence of anisotropic 
two-ion interactions which lift the threefold degen- 
eracy of the F I - F  4 excitations at non-zero q. In 
both TbP and PrSb [54-56] the excitations split 
into two branches along the (100) and (110) direc- 
tions, and the splittings are of the same order of 
magnitude as the width of the excitation bands. 
The excitations are still threefold degenerate along 
(111) within the experimental resolution. A general 
two-ion interaction, in the form of a Cartesian 
tensor ~B(0) ,  predicts two and three branches in 
the ( I l l )  and (110) directions, respectively. In 
order to reproduce the observed degeneracies along 
(110) and (111) it is necessary to assume the tensor 
interactions to be diagonal when the Cartesian 
axes are along the three (100) directions [56]. This 
is not the case for the magnetic dipole coupling, 
which is diagonal only if the z-axis is chosen 
locally to be along the bond axis. However, the 
further splittings produced by the magnetic dipole 
coupling are estimated to be too small to be re- 
solved experimentally [56]. In HoSb [57], the split- 
ting at L in the (111) direction is determined 
indirectly, and it is found to be a factor of 2-3  
smaller than that produced by the magnetic dipole 
coupling alone. 

In comparison with the elements the exchange 
coupling in these metallic compounds is relatively 
weak and of short range, and the magnetoelastic 
couplings and additional two-ion quadrupolar in- 
teractions might be comparable in strength with 
the exchange interaction. Structural phase transi- 
tions have not yet been observed in the pnictides, 
but the quadrupole couplings have important con- 
sequences for the magnetic properties; see for ins- 
tance the discussions of the Ho, Y I ,Sb system [57] 
and the Tb-pnictides [58]. In the cubic crystals the 
dipole and the quadrupole excitations do not mix 
with each other in the paramagnetic phase. Close 
to a second-order transition, however, this might 

not be strictly true. The critical fluctuations may 
induce non-linear couplings, which violate the 
RPA-selection rules related to the static system. 
For instance, the elastic constants might occasion- 
ally be influenced by the magnetic fluctuations 
just above a magnetic transition, as is suggested to 
be the case in HoSb [57]. 

The coupling between the magnetic excitations 
and the conduction electrons has been studied in a 
number  of the pnictides by measuring the electri- 
cal resistivity as a function of temperature; see the 
review of Hessel Andersen [59]. The most exten- 
sive work is that carried out on the Tb,YI_,Sb 
system [60]. The magnetic contributions were iso- 
lated experimentally and analysed in terms of the 
RPA-theory for the magnetic excitations both in 
the paramagnetic and the antiferromagnetically 
ordered phase. Satisfactory agreement was ob- 
tained for the entire range of concentration c by 
use of only two common parameters, k v and the 
electron-ion exchange constant. 

Many of the systems discussed in this review 
order in periodic magnetic structures. One of the 
more delicate questions is whether the modulated 
structure is described by a single wavevector or by 
a superposition of several symmetrically disposed 
wavevectors. Neutron-diffraction measurements 
cannot distinguish between a multi-q structure and 
a system made up of a corresponding distribution 
of single-q domains; see for instance ref [29]. In 
this context it is of interest to discuss USb, where 
it has been possible to settle the question by an 
examination of the magnetic excitations [61]. Ac- 
tually, USb is one of the few actinides where 
reasonably well-defined magnetic excitations have 
been observed [62]. It crystallizes in the NaC1- 
structure and orders antiferromagnetically at 240 K 
in a structure which, in the single-q picture, is of 
type-I with the moments  oriented parallel to q in a 
(100)-direction. At low temperatures the moments 
are large and near their saturation value. However, 
in spite of the large value of the moments the 
excitation spectrum consists of two branches, one 
of which appears to be longitudinally polarized 
[62]. An analysis [61] shows that these two fea- 
tures, which are in contrast to the behaviour of a 
normal spin-wave system, are both explained if the 
system is assumed to be ordered in the triple-q 
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structure, in which case they are simple conse- 
quences of the non-collinear arrangement of the 
moments, pointing in the different ( l l l ) -direc-  
tions. Furthermore, as shown in fig. 6, all other 
details of the spectrum are satisfactorily described 
in this model using only three parameters, the 
values of which are compatible with the other 
properties of USb. 

A number of rare-earth intermetaflic compounds 
with the CsCI structure have been investigated in 
recent years. The dispersion relation of the mag- 
netic excitations has been studied experimentally 
in the ordered phases of HoZn [63], ErCu [64], 
TbZn [65] and TmZn [66]. The different couplings 
in these compounds compare in order of magni- 
tude with those observed in the pnictides. In TmZn 
the quadrupole interactions are strong enough to 
induce a structurally ordered phase by a first-order 
transition at TQ = 8.6 K; see ref. [66] and refer- 
ences therein. The quadrupolar phase is disrupted 
by the onset of ferromagnetic ordering at T c = 
8.1 K. In Tm09Lu0.1Zn the dilution of Tm with 
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Fig. 6. The spin-wave spectrum in USb at 8 K. The experimen- 
tal results are taken f rom Lander  and Stirling [62]. The full 
lines show the spin-wave dispersion relations predicted in the 
case of a triple-q structure, after ref. [61]. The polarization of 
the spin-waves is perpendicular  to the moments ,  but  parallel or 
perpendicular  to the wavevector for the L- and T-modes,  
respectively. 

Lu causes a small decrease of T o to 5.8 K, whereas 
the exchange coupling becomes too weak to induce 
magnetic ordering in the quadrupolar phase, where 
the ground state is a singlet. This extension of the 
range of the quadrupolar phase has made it possi- 
ble to study the dipole excitations in this phase 
(Morin et al. [67]). They observed modifications of 
the spectrum due to the effect of the molecular 
quadrupole-field, but they did not observe disper- 
sive effects directly related to two-ion quadrupole 
interactions. 

Inelastic neutron scattering has been performed 
on several of the heavy-rare-earth iron and cobalt 
Laves-phase compounds, RFe 2 and RCo 2. This 
work has recently been reviewed by Koon and 
Rhyne [68]. The structure is specified by the posi- 
tion of six atoms, and the unit cell contains only 
two inequivalent sites, one for the transition metal 
and one for the rare-earth. The iron compounds 
order magnetically at high temperatures, - 6 0 0  K, 
whereas the transition temperatures for the R C o  2- 

c o m p o u n d s  are much lower. The ground-state ex- 
citation spectrum observed in these compounds 
consists generally of three branches, a low-lying 
acoustic mode, a flat dispersionless mode resulting 
from the rare-earth ions, and a highly dispersive 
upper mode resembling the spin-wave mode in the 
itinerant system of the pure transition metals. The 
latter mode is only observed in the iron com- 
pounds, and the remaining three optical modes are 
expected to lie at high energies which are not 
readily accessible in the scattering experiments. 
Koon and Rhyne [68] have developed a six-sub- 
lattice RPA-model, corresponding to eqs. (1)-(4), 
in which the itinerant 3d-spin system is described 
in terms of localized quasi-spins proportional to 
the moment assigned to the transition-metal ions. 
This simplified model for the 3d-spin system is 
found to offer an excellent description of the 
observed spectra, which include both groundstate 
excitations and transitions between higher levels of 
the rare-earth ions. The only failure of the model 
is that the predicted highly dispersive Co -Co  mode 
is unobservable in H o C o  2 and ErCoa (see note (2) 
added in proof). The analysis of the spectra shows 
that the dominant exchange coupling in the 
Laves-phase compounds is between the transition- 
metal spins with a significantly weaker coupling of 
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the 3d and ra re-ear th  moments ,  and  the coupl ing  
be tween  the ra re-ear th  ions themselves is found  to 
be  vanish ingly  small .  Clausen et al. [19] have con- 
t inued the s tudy of  the t empera tu re  dependence  of 
the spin waves in E rFe  2. Fur ther ,  the two Ho-com-  

pounds, H02COl7 and Ho2Fe17, have recent ly  been 
inves t iga ted  exper imenta l ly  by  Clausen  and  Le- 
bech  [69,70]. The  c rys ta l lographic  s t ructure  of  these 
c o m p o u n d s  is more  complex  than  the Laves-phase  
compounds ,  e.g. there are  two inequivalent  rare-  
ea r th  sites, with hexagonal  symmetry ,  pe r  uni t  cell. 
In  spite  of  these compl ica t ions  the exci ta t ion spec- 
tra  are found  to be qual i ta t ive ly  s imilar  to those of 
the Laves-phase  compounds .  One  of the interest-  
ing features  is that  the two c rys ta l lograph ica l ly  
di f ferent  ra re -ear th  sites are magne t ica l ly  equiva-  
lent. 

5. Conclusion 

poss ib le  mechan i sms  for  p roduc ing  an iso t rop ic  
two- ion  coupl ings  has been discussed in detai l  by  
C o o p e r  and  S iemann [71] in the case of  Ce-com- 
pounds .  

Notes added in proof 

(1) In a paper  presented  at  this conference Mc- 
Ewen et al. [72] r epor t  the observa t ion  of  magnet ic  
exc i ta t ions  in Nd-meta l .  The neut ron  scat ter ing 
in tens i ty  is weak, bu t  the exper iment  indicates  the 
presence  of  r easonab ly  wel l -def ined exci ta t ions 
b o t h  above  and  be low T N. 

(2) The  i t inerant - l ike  C o - C o  mode  in the cobol t  
Laves -phase  c o m p o u n d  H o C o  2 has now been 
de tec ted  b y  Caste ts  et al. [73]. The  mode  is found  
to lie a lmost  a fac tor  of  two higher  in energy than 
p red ic t ed  by  the s imple  R P A - t h e o r y  [68]. 

One  general  fea ture  of  the rare-ear th  systems 
discussed in this review, is that  their  exci ta t ion  
spec t ra  are descr ibed  ra ther  sa t is factor i ly  in terms 
of  the RPA- theo ry .  This seems to ho ld  true inde-  
penden t ly  of  the relat ive magni tudes  of the ex- 
change  in te rac t ion  and the quad rupo le  or crystal-  
f ield terms. The effective R P A - p a r a m e t e r s  of  a 
given system are expected  to s tay cons tan t  only  
wi th in  a l imi ted  range  of  t empera tu res  and  fields. 
However ,  with a few except ions  it is diff icult  to 
i sola te  genuine  cor re la t ion  effects because  the 
knowledge  of  the H a m i l t o n i a n  may  be compara -  
t ively incomple te .  Close to second-order  phase  
t ransi t ions ,  or  in systems of  lower d imens iona l i ty  
than  three, o ther  phenomena ,  which differ  qual i ta-  
t ively f rom the pred ic t ions  of  the RPA- theory ,  
m a y  occur,  as for ins tance  is the case in the low 
t empera tu re  l imit  of  Pr. 

A n o t h e r  general  character is t ic  of the rare-ear th  
systems is the mul t i tude  of different  coupl ings  
which have been observed.  This accentuates  the 
poss ib i l i ty  that  the H a m i l t o n i a n  m a y  include terms 
no t  no rma l ly  encountered .  Specif ical ly we may  
no te  that  an i so t rop ic  two-ion coupl ings  have been 
de tec ted  in the var ious  rare-ear th  systems a lmost  
every t ime they can be mani fes ted  by  l if t ing acci- 
den ta l  degeneracies  in the spectra.  One of  the 

References 

[1] S.K. Sinha, in: Handbook of Physics and Chemistry of 
Rare Earths, Vol. 1, eds. K.A. Gschneider, Jr. and L. 
Eyring (North-Holland, Amsterdam, 1979) p. 489. 

[2] P. Fulde, in: Handbook of Physics and Chemistry of Rare 
Earths, Vol. 2, eds. K.A. Gschneidner, Jr. and L. Eyring 
(North-Holland, Amsterdam, 1979) p. 295. 

[3] D.H. Yang and Y.L. Wang, Phys. Rev. B12 (1975) 1057. 
[4] J. Jensen, J. Phys. C 15 (1982) 2403. 
[5] P. Bak, Phys. Rev. Lett. 34 (1975) 1230; Phys. Rev. B12 

(1975) 5203. 
[6] R.B. Stinchcombe, J. Phys. C6 (1973) 2459. 
[7] Y.L. Wang, in: Crystalline Electric Field and Structural 

Effects in f-Electron Systems, eds. J.E. Crow, R.P. Guertin 
and T.W. Mihalisin (Plenum, New York, 1980) p. 443. 

[8] J.W. Johnson and Y.L. Wang, Phys. Rev. B24 (1981) 5204. 
[9] M.E. Lines, Phys. Rev. BI2 (1975) 3766, 11 (1975) 1134. 

[10] A.R. Mackintosh, J. Magn. Magn. Mat. 15-18 (1980) 326, 
[11] A.R. Mackintosh and H. Bjerrum Mefller, in: Magnetic 

Properties of Rare Earth Metals, ed. R.J. Elliott (Plenum, 
New York, 1972) p. 187. 

[12] J. Jensen, Physica 86-88B (1977) 32. 
[13] J. Jensen, J. de Phys. 40 (1979) C5-1. 
[14] Crystalline Electric Field and Structural Effects in f-Elec- 

tron Systems, eds. J.E. Crow, R.P. Guertin and T.W. 
Mihalisin (Plenum, New York, 1980). 

[15] J.W. Cable, N. Wakabayashi and R.M. Nicklow, J. Appl. 
Phys. 52 (1981) 2231. 

[16] M.S.S. Brooks and T. Egami, J. Phys. C6 (1973) 513, 3719. 
[17] J. Jensen, J. Phys. C8 (1975) 2769. 
[18] J. Jensen, Phys. Rev. Lett. 37 (1976) 951. 



58 J. Jensen / Magnetic excitations in rare earth systems 

[19] K. Clausen, J.J. Rhyne, B. Lebech and N.C. Koon, J. 
Phys. C 15 (1982) 3587. 

[20] J. Jensen, J.G. Houmann and H. Bjerrum MeCller, Phys. 
Rev. B12 (1975) 303. 

[21] J. Jensen, J. Phys. F4 (1974) 1065. 
[22] R.M. Nicklow, N. Wakabayashi, M.K. Wilkinson and 

R.E. Reed, Phys. Rev. Lett. 27 (1971) 334. 
[23] P.A. Lingbxd, Ris~ Report No. 358, (Ris~ National 

Laboratory (1978). 
[24] J. Jensen, J. Phys. F6 (1976) 1145. 
[25] J. Jensen and S.B. Palmer, J. Phys. C12 (1979) 4573. 
[26] J. Als-Nielsen and R.J. Birgeneau, Am. J. Phys. 45 (1977) 

554. 
[27] H. Bjerrum M~ler and A.R. Mackintosh, J. de Phys. 40 

(1979) C5-28. 
[28] N. Hessel Andersen and H. Smith, Phys. Rev. B19 (1979) 

384. 
[29] B. Lebech, J. Appl. Phys. 52 (1981) 2019. 
[30] P. Bak and B. Lebech, Phys. Rev. Lett. 40 (1978) 800. 
[31] J. Rossat-Mignod, J. de Phys. 40 (1979) C5-95. 
[32] J.G. Houmann and H. Bjerrum Metller, private communi- 

cation. 
[33] J.G. Houmann, M. Chapellier, A.R. Mackintosh, P. Bak, 

O.D. McMasters and K.A. Gschneidner, Jr., Phys. Rev. 
Lett. 34 (1975) 587. 

[34] J.G. Houmann, B.D. Rainford, J. Jensen and A.R. Mac- 
kintosh, Phys. Rev. B20 (1979) 1105. 

[35] B. Lebech and B.D. Rainford, private communication. 
[36] P. Hendy, K.M. Al-Rawi, E.W. Lee and D. Melville, J. 

Phys. F9 (1979) 2121. 
[37] P.A. Lindghrd and J.G. Houmann, in: Proc. Durham 

Conf. Rare Earths and Actinides, ed. E.W. Lee (Institute 
of Physics, London, 1971) p. 192. 

[38] S.B. Palmer and J. Jensen, J. Phys. CI 1 (1978) 2465. 
[39] K.A. McEwen, W.G. Stirling and C. Vettier, Phys. Rev. 

Lett. 41 (1978) 343. 
[40] K.A. McEwen, private communication. 
[41] T. Murao, J. Phys. Soc. Japan 31 (1971) 683. 
[42] K.A. McEwen and W.G. Stirling, J. Phys. C14 (1981) 157. 
[43] M. Eriksen, C.M. Muirhead and R.C. Young, Physica 

107B (1981) 67. 
[44] M. Hauschultz, N. Hessel Andersen, M. Olsen, F.B. 

Rasmussen and K.A. McEwen, J. de Phys. 39 (1978) 
C6-860. 

[45] J.G. Houmann, B. Lebech, A.R. Mackintosh, W.J.L. 

Buyers, O.D. McMasters and K.A. Gschneidner, Jr., 
Physica 86-88B (1977) 1156. 

[46] H. Bjerrum Moller, J.Z. Jensen, M. Wulff, A.R. Mackin- 
tosh, O.D. McMasters and K.A. Gschneidner, Jr., to be 
published. 

[47] J. Jensen, J. Magn. Magn. Mat. 14 (1979) 224. 
[48] K.W. Becker, P. Fulde and J. Keller, Z. Phys. B28 (1977) 

9. 
[49] E.M. Forgan, Physica 107B (1981) 65. 
[50] B.N. Harmon, J. de Phys. 40 (1979) C5-65. 
[51] R.M. White and P. Fulde, Phys. Rev. Lett. 47 (1981) 1540. 
[52] P. Fulde and J. Jensen, to be published. 
[53] T.M. Holden, E.C. Svensson, W.J.L. Buyers and O. Vogt, 

Phys. Rev. B10 (1974) 3864. 
[54] D.B. McWhan, C. Vettier, R. Youngblood and G. Shirane, 

Phys. Rev. B20 (1979) 4612. 
[55] A. Loidl, K. Knorr, J.K. Kjems and B. Li~thi, Z. Phys. B35 

(1979) 253. 
[56] K. Knorr, A. Loidl and J.K. Kjems, in ref. [14] p. 141. 
[57] J. Jensen, N. Hessel Andersen and O. Vogt, J. Phys. C13 

(1980) 213. 
[58] J. K6tzler and G. Raffius, Z. Phys. B38 (1980) 139. 
[59] N. Hessel Andersen, in ref. [14]. p. 373. 
[60] N. Hessel Andersen, J. Jensen, H. Smith, O. Splittorff and 

O. Vogt, Phys. Rev. B21 (1980) 189. 
[61] J. Jensen and P. Bak, Phys. Rev. B23 (1981) 6180. 
[62] G.H. Lander and W.G. Stirling, Phys. Rev. B21 (1980) 

436. 
[63] B. Hennion and J. Pierre, J. de Phys. 40 (1979) C5-141. 
[64] J. Pierre, P. Morin, D. Schmitt and B. Hennion, J. de 

Phys. 39 (1978) 793. 
[65] Y. Hamaguchi, H. Betsnyaku and S. Funahashi, J. Magn. 

Magn. Mat. 15-18 (1980) 377. 
[66] P. Morin, D. Schmitt, C. Vettier and J. Rossat-Mignod, J. 

Phys. FI0 (1980) 1575. 
[67] P. Morin, D. Schmitt and C. Vettier, J. Phys. FI 1 (1981) 

1487. 
[68] N.C. Koon and J.J. Rhyne, in ref. [14] p. 125. 
[69] K. Clausen and B. Lebech, J. Magn. Magn. Mat. 15-18 

(1980) 347. 
[70] K. Clausen and B. Lebech, (1982) to be published. 
[71] B.R. Cooper and R. Siemann, in ref. [14] p. 241. 
[72] K.A. McEwen, W.G. Stirling, D. Fort and D.W. Jones, J. 

Magn. Magn. Mat. 29 (1982) 59. 
[73] A. Castets, D. Gignoux and B. Hennion, Phys. Rev. B25 

(1982) 337. 


