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Abstract. A molecular-field calculation of the magnetic configurations in Er is found
to reproduce the neutron diffraction results of the three different magnetic phases and
to give a reasonable fit to the magnetization data at 42 K. The two-ion coupling is
considered to be described by the inter-planar coupling parameters deduced from the
dispersion of the spin waves in the low temperature conical phase. The four (effective)
crystal-field parameters are determined by the fit to the experimental data to be (in
units of meV/ion):

By = —175 x 1072 By = —475 x 1073

I

Beo = 106 x 107¢ Bes = —69 x 1076,

Projecting the magnetic moments present in the intermediate phase of Er (18-524 K)
to a common origin the calculations indicate that the hodograph of the moments is
very close to an ellipse that has its major axis parallel to the c-axis.

1. Introduction

Neutron diffraction studies of the magnetic structure of Er (Cable et al 1965, Haben-
schuss er al 1974, Atoji 1974) have revealed the existence of three distinct regions
of long-range order.

(i) For 844K > T > 524K.

The ¢ axis moments are ordered in a sinusoidal structure with the wavevector
parallel to the ¢ axis and a period of approximately seven atomic layers. As the
temperature is decreased higher-order odd harmonics are gradually developed.

(i) For 524K > T > 18K.

A modulated ordering of the basal plane components (with a wavevector equal
to that of the ¢ axis component) is superimposed on the ¢ axis sinusoidal structure.

(iii) For T < 18 K.

A c axis cone structure of a period close to eight atomic layers.

The neutron diffraction measurements define unambiguously the magnetic struc-
tures occurring in the high and the low temperature phases, (i) and (iii). The appearance
of the higher-order odd harmonics in the ¢ axis modulated phase shows that the
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¢ axis component of the moments approach a square wave. The square wave rep-
resents a compromise between the two-ion coupling, which favours a modulated
structure with one fundamental wavevector, and the axial anisotropy favouring a
¢ axis alignment of the moments. The gradual development of the higher harmonics,
as observed in Er, is predicted by the molecular field (MF) calculations of Miwa
and Yosida (1961) and of Nagamiya (1967) who found that close to Ty (the Néel
temperature for the ¢ axis component) the (2v + 1)-harmonic should be prbportional
to(Ty —T) "L v=0,1,....

The intermediate phase between the Néel temperature of the basal plane com-
ponent, Ty . and the Curie temperature, T, is not fully characterized by the neutron
experiments. Based on their MF calculations Miwa and Yosida (1961) proposed that
only one of the components in the basal plane should deviate appreciably from
zero. This configuration corresponds to a hodograph of the moments which is an
ellipse that has its major axis along the ¢ direction. Cable et al (1965) argue that
this configuration is not likely to occur because it seems to favour one direction
in the basal plane in spite of the unimportance of the hexagonal anisotropy within
this temperature range. They consider instead a model for which the major axis
is tilted away from the ¢ axis so that both basal-plane components oscillate to execute
a regular spiral. Both structures may be considered as modified versions of the tilted
helix, the model which has been elaborated by Sherrington (1973). One of the aims
of the present paper is to elucidate this question in more detail.

For this purpose we have attempted to establish a realistic MF model for Er
with a use of a minimal number of variable parameters. A realistic model demands
the use of a two-ion Hamiltonian which is in accordance with the dispersion relation
of the spin waves propagating along the ¢ direction in the conical phase, as measured
by Nicklow et al (1971). The apparent importance of two-ion anisotropy in Er (Nick-
low et al 1971, Jensen 1974) introduces some arbitrariness in the interpretation of
the spin wave data. However, we use the two-ion inter-planar coupling coefficients
deduced by Jensen (1974) as representing the most adequate ones. The specification
of the two-ion coupling and a neglect of magnetoelastic interactions leave four crystal-
field and one intra-planar two-ion parameters as variables. These five parameters
are determined by characteristic features of the magnetization data at 42K and
by the values of the two Néel temperatures. A determination of the parameters in
this way results in a MF Hamiltonian which reproduces reasonably well most of
the experimental data endowing the calculated structure of the intermediate phase
with a certain amount of credibility.

2. Molecular-field Hamiltonian

The ground state value of the magnetic moments in Er at low temperatures (below
T.) is close to their saturation value. The dispersion relation of the spin waves propa-
gating parallel with the ¢ axis in the cone phase of Er has been measured by Nicklow
et al (1971) at 45 K. The g dependence of the spin wave energies exhibits a strong
influence of two-ion anisotropy which is accounted for by the following two-ion
Hamiltonian (Jensen 1974):

= -1 SN di -3 ) fzz(ij)L[(J?J})z + (T II] (1)

2
i#j i#j 8J1
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Table 1. The planar coupling coefficients of #(q). #'(q). and #3,(q) (all values are in

meV).

m fm ]’m '%fm

0 01716 01792 0

1 00601 0-0587 —00282
2 —0:0176 -00223 —00272
3 - 00024 —0-0048 -00317
4 —00t11 —-00130 00136
5 —-0-0108 -0-0080 —-0-0411
6 —0-0025 00013 —

where J; is the total angular moment of the ith ion. J* are defined with respect to a
coordinate system with the z axis along the ¢ direction and

J,=(J-HU-1...(J0 —in).
The inter-planar coupling coefficients, ., defined by

FO) = Ag =2 ) Full — cosimge/2)] (2)

m>0
and similar for .#,, (c is the lattice parameter) are given in table 1 and are those
determined by Jensen (1974) from the experimental results of Nicklow et al (1971).
The actual ¢ dependence of the two coupling parameters are displayed in figure 1.

Two-ion coupling parameters {meV)

0z 08

Reduced wavevector (2x/c}
Figure 1. The g dependence of the two-ion coupling parameters in the ¢ direction of
Er (Jensen 1974). #(g) and # () are the isotropic couplings used in the cases of a structure

with a period of eight and seven hexagonal layers respectively. J,,(¢) is the anisotropic
component.
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The wavevector, Q, of the conical structure is determined by the maximum value
of the ¢ dependent part of the interaction,

j@) = #(q) + $42,(2q)sin’0

where 8 is the cone angle. The length of the wavevector in Er is observed to be
0-24(2m/c) which corresponds very closely to a period of eight atomic layers. A specific
MF calculation of the magnetic structure requires a determination of the moments
of each different layer in the period (corresponding to a variation of the molecular
fields). A simplification of this problem is achieved by assuming a commensurate
structure. Because of the length of the period (7-8 hexagonal layers) this assumption
is thought to be unimportant except for the introduction of a possible phase depen-
dence of the (non-regular) configuration (see later, the response of such a system
would be an average with respect to this phase dependence). The cone configuration
of Er is assumed to be invariant to a displacement by eight atomic layers. In the
high temperature phase the fundamental wavevector is observed to be very close
to 0-286(27/c) (Cable et al 1965, Habenschuss et al 1974, Atoji 1974) corresponding
to a seven layer structure. Although an eight layer structure may still be considered
as a fair approximation we have assumed a structure with a period of seven layers
in both the high temperature and the intermediate phase (above T;) because this
allows a separation of the third and fifth harmonics, which is not possible in the
case of an eight layer structure. The stabilization of the seven layer structure requires
that j(g) is at its maximum at g = (4n/7¢). To accomplish this without interfering
too much with the spin wave parameters we replace #(q) by #'(q) in the case of
a seven layer structure (above T;). #'(q) is obtained simply by displacing the maximum
of #(q) to the position wanted. #'(g)} is shown by the broken line in figure 1 and
the corresponding interplanar coefficients are given in table 1.

The two-ion Hamiltonian, (1), is transformed to an effective single-ion Hamil-
tonian by the MF approximation. The thermal expectation value of the ath component
of the ith moment is denoted <J?> and the molecular fields are given by

+6
Fi=2 S ID = Y Fm Jhm

m=-—6

1 +5

AF = gf—m:z_s H iy T 5m)®> 3)

where the translation symmetry within a certain hexagonal layer is utilized (i + m
means an ion sited on the (i + m)th layer). The MF Hamiltonian for the ith ion then
reads

==Y ST ATV = AT ALY AT + A0
+ A7 I Q)

The determination of the molecular fields, (3), requires a knowledge of the intra-planar
coupling coefficients _#, and ¥, or equivalently

+6
F0) = =Z_6 Fiml

and X ,,(0). #, is considered to be a variable parameter, whereas the effect of 7, is
very similar to that of the crystal-field parameter B,, except for a slightly different



Magnetic structure of Er 1149

temperature dependence. In these calculations we have no possibility of isolating the
pure crystal-field parameters from the effects of anisotropic two-ion couplings, we have,
therefore, somewhat arbitrarily, assumed that £ is zero (as also used in figure 1).

The possible contributions of two-ion anisotropic couplings and the neglect of
magnetoelastic effects imply that the crystal-field parameters defined by the following
single-ion Hamiltonian

Hi = B3o03 + ByoOf + BsoOf + Bgs O (5)

have to be considered as effective ones. The operators, O, appearing in (5) are
Stevens operators (see e.g. Lindgard and Danielsen 1974) and the x axis, determining
the sign of By, is defined to be along an g direction.

The procedure is now straightforward using a computer. The molecular fields,
(3), acting on the ith ion are evaluated assuming a certain structure of the moments
(with the periods of seven or eight layers). The total effective single-ion Hamiltonian
for the ith ion (layer)

Hi= A+ Ay~ gusH T, (6)

(including the effect of an external field H) is diagonalized determining the eigenener-
gies, E;, and the corresponding eigenfunctions |v'>. The thermal expectation value
of a operator, Of', is then given by

2J+1
(O =7 L <IOF expl~Eifkn IV (7a)
where
2J+1 ) ) )
Zi= Y (Vlexp(—Ei/kg TV (7b)

v=1
and the free energy of the ith ion is

F,= —k;TIn(Z) (Tc)

(ks is Boltzmann’s constant). This scheme is applied to every ion in the period. The
(new) expectation values determined by (7) are introduced in the equations for the
molecular fields, (3), and the calculations are repeated. The calculations are continued
until a self-consistent solution is attained. Except close to the phase transitions con-
vergence was obtained quite rapidly (during four to five cycles).

3. Determination of the molecular-field parameters

The five parameters which determine the MF Hamiltonian are the four crystal-field
parameters and one exchange coupling constant. B,, and _#(Q) entirely dominate
the stipulation of the Néel temperatures, Ty and Ty, To the first order in
= J#, = Jy/ks T the Néel temperature, Tx,, for a sinusoidal ordering
or the ¢ axis moment with a wavevector Q is given by

keTn = 3J0J + DAQNL ~ 4(J + 31 Bro/kyTn ] ®)
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(see for example Nagamiya 1967). Only the crystal-field parameter B,, appears to
first order of 1/kg T. This also holds true for the Néel temperature of the basal-plane
component, Ty , however, the presence of a substantial first-order harmonic of the
¢ axis component (= Jo?5) at the transition implies a modification (Miwa and Yosida
1961, Nagamiya 1967):

ke T, = 30 + DAY + HJ + 3)J1Bao/ks Tn, — do(J* + J + HJai A(Q)/ks T 1}
)
The insertion of the experimental values in (8) and (9) (Tn, = 844K, Ty, = 524K,
and ¢% = 0-88, Habenschuss et al 1974) leads to one useful solution (B,, has to
be negative) #(Q) = 0307 meV and B,; = —1:65 x 10”2 meV which are very close
to our final fit. Within the accuracy of the calculations equation (8) is fulfilled and
the equation (9) is obeyed with a correction of the order of 3-4%.
Having determined #(Q) (or %) and B,, the remaining three crystal-field par-
ameters are fixed by the magnetization data at 42K (Rhyne et al 1968, Bozorth
et al 1972). The mean value of the ¢ axis moment

n=8
To =4 T UD

S|

as a function of a field applied along the ¢ direction offers two conditions, and
the magnitude of the hexagonal anisotropy, Bgs, is adjusted so as to obtain agreement
with the observed difference between the mean values of the moment, <J|>, parallel
to a field of about 100kOe applied along either an @ or a b direction (see figure
2). The cone angle of Er determined at zero field and at 42K varies somewhat

8 T T T =T T =T T

QS
<
2..
0 I | | 1 1 1 i
0 T 40 80 120 160

Magnetic field {kOe)

Figure 2. The mean value of the parallel components of the moments when a field is
applied along an q, b, or ¢ direction in Er at 42 K. The experimental results of Bozorth
et al {1972) are shown, and the squares are the ¢ axis results of Rhyne et al (1968)
scaled with a constant factor equal to 0-963. The full curves display the MF results.
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Table 2. The effective crystal-field parameters derived by the MF calculations compared
with the single-ion parameters of Er diluted in Y determined by Hog and Touborg (1974)
(in units of meV). If the fitting parameter |B,,| is increased by 10°% then the fit to
the magnetization data at 42 K remains unaltered if |B.y| is decreased by 184%, and

Bgo by 7:5%.

Parameter Fit 014° Erin Y
B.o x 102 —1-75 —2:66

Bao x 107 —4-75 7-01

Beo x 10° 1-06 2:09

Bee x 10° —-69 —240

from one experiment to the next (between 27-7° and 29-6°). Here we use {(J,> = 6:590
and the ¢ axis data of Rhyne et al (1968) shown in figure 2 have been scaled with
a constant factor of 0:963 to agree with this choice. In figure 2 we have omitted
the basal plane data of Rhyne et al as these results do not define properly an easy
axis (but are otherwise in qualitative agreement with the results of Bozorth er al
1972).

The crystal-field parameters which are used in the MF calculations are given in
table 2. The intra-planar exchange constant % is included in table 1 (this value
corresponds to #(Q) = 0:304 meV). In table 2 the effective crystal-field parameters
are compared with the single-ion parameters determined by Heg and Touborg (1974)
from magnetization measurements on a single crystal alloy of Er diluted in Y. The
parameters determined by Hog and Touborg are not affected by two-ion couplings
and may be considered as representative for the pure rare earth metal. The compari-
son in table 2 supports the tendency found in the case of Tb (Houmann et al 1975)
that the two-ion correction to an effective crystal field parameter, B, is important
for all values of the rank /.

The paramagnetic Curie temperatures, 8, = 61-7K and 6, = 32-5K, as measured
by Green et al (1961), are not in agreement with the present set of parameters.
The difference between 8 and 0_ suggests a B,, which is almost twice the value
deduced from Ty and Ty The paramagnetic Curie temperatures are not determined
with the same precision as the Néel temperatures. However, the possible discrepancy
indicates the additional two-ion anisotropy

-3 K(ij)JiJ; (10)
i#j

to be present in Er. This axial two-ion coupling affects Ty and 8, (#(q) is replaced
by #(q) + K(g)) but has a very small influence on the spin wave energies of the
cone phase (see Jensen 1974). The possibility of a two-ion coupling like K(ij) being
important introduces some uncertainties in the calculations as we cannot anticipate
an ‘effective’ B,, to account for all the effects of K(ij) in the ¢ axis modulated
phases. In spite of the discrepancy introduced by the paramagnetic Curie tem-
peratures they may be utilized in an estimate of .J(Q)— #(0). Namely,
Byo = —(25+08) x 1072meV, 6§ =617+ 5K, and Ty = 844K implies that

Q) — #(0) =010 £ 003 meV in agreement with #(q) shown in figure 1.
The MF ground state at 42 K. which is obtained using the parameters given in
table 1 and 2, deviates slightly from an ideal spin wave state. The moment |{J)|
is calculated to be a factor C, = 0991 times J. This small reduction of the moment

MP(FIE6 O
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Table 3. The ratios C,. defined in the text, calculated at 42 K.

(o C, Ca Ce
0:991 0965 0438 2:157

from its maximum value corresponds to a similar reduction deduced in the spin
wave systems Tb and Dy at zero temperature (see for example Jensen 1975). Defining

C, = {OP)/TkiJJ, - Pi(cosh)] (1n
k1=1 1\222 k4:8 k6=16

where PJ(cosf) is the Legendre polynomials and 6 the angle the moment makes
with the ¢ axis, then C; should be equal to one in the case of a perfect spin wave system.
A Hartree-Fock (HF) calculation in the cases of Tb and Dy (Jensen 1975) shows
|C, — 1] to increase strongly with /. This also holds true in the present MF calculation
on Er as is evident from the numbers given in table 3. Although the MF approximation
is not as well justified as the HF approximation (at low temperatures) the MF values
of the ratios C, should be of the right order of magnitude.

In the analysis of the spin wave data in Er at 45K (Jensen 1974) a q independent
anisotropy L= 200 + 6:0 meV was deduced. In the case where C, differ from 1 the
HF expression for L is (Jensen 1974, 1975).

L = (1/C)[6C3J{B;g + 60C4J3B4o(7 cos? 6 — 1) + 210 CeJ sBgo(33 cos* §
—18cos? 6 + 1) + CIJ{HF(Q) — #(0)} — C3JA4 ,,20)3(3 cos® § — 1)].
(12)
Using the MF values of C; given in table 3 we obtain L= 237meV. In (12) the

contribution arising from B, entirely dominates. L may be estimated also from

the (experimental) slope of (J.)> versus a field along the ¢ direction (figure 2). How-
ever, this estimate presupposes that dC,/dH, is zero (Jensen 1975) in which case

d<J, O
L= guB(I<J>{/ ézf),, . (13)

equal to approximately 15meV (see figure 2). When the moments are not along
a symmetry direction (0 # 0 or (n/2) then dC,/dH, may be nonzero and give rise
to an important correction to (13). The L value determined by equation (12) should
be somewhat more reliable than the value deduced from the slope of (J,>, and
we may evidently conclude that the anisotropy constant L deduced from the spin
wave data i1s consistent with the present MF parameters.

4. The magnetic structure of Er and comparison with experiments

The ¢ axis moment of the ith ion in the two high temperature phases may be written
as follows

Jiy= Y Apsin(ipxe + ,) (14a)

rp=1,3,57

where oy = (2n/7) considering a periodic structure with seven hexagonal layers.
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Neglecting the possibility of even harmonics we have

,
Ap By =4 _Z Snlipxo) I p=135 (14b)

and the seventh harmonic appears as a ferromagnetic component (4, = TD).

Harmonics of <J, >

Temperature (K]

Figure 3. The amplitudes of the harmonics of the ¢ axis moments in Er as functions
of temperature. The experimental results are those obtained by Habenschuss et al (1974)
which are in close agreement with the results of Atoji (1974). The observed harmonics
of higher order than five are omitted (the amplitudes are small). The full curves are
the amplitudes deduced from the model calculations. O, 1st harmonic; A, 3rd harmonic
and O 5th harmonic.

In figure 3 we show the calculated magnitudes of the first, third and fifth har-
monics of the ¢ axis moments as functions of temperature. Neither the calculated
nor the experimental values of Habenschuss et al (1974) show any anomalies at
the ordering temperature of the basal plane components, Ty,. The amplitudes of
the harmonics were found to be very insensitive to the crystal-field parameters (when
fixing Ty, to be equal 84-4 K) implying that #'(q) is responsible for most features
of the temperature dependence of the harmonics. The first harmonic was unaffected
also by the choice of the phase £, in (14), but this was not the case for the higher
harmonics which vary as much as 50% when changing B,. The calculated curves
shown in figure 3 correspond to |f,| equal to about 45° which led to values of
the higher harmonics lying in between the two extremes. The seventh harmonic,
which is omitted in figure 3, was calculated to have an amplitude smaller than 1
down to the lowest temperature (slightly larger than the experimental value). Although
the calculated amplitudes of the harmonics are somewhat larger than the observed
values of Habenschuss et al (1974) the qualitative behaviour is very similar.

Below Ty, the basal-plane moments are nonzero, and the positional dependence
of (J,> is described in terms of harmonics equivalent to (14). A consideration of
a structure for which the hodograph of the basal-plane moments is an ellipse (with
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Figure 4. The amplitudes of the harmonics of the basal-plane moments in Er against
temperature. The full curves are the MF results, and the experimental values are those
of Habenschuss er al (1974). The fifth harmonic above T, is observed (and calculated)
to have an amplitude somewhat smaller than that of the third harmonic. The results
of Atoji (1974) are very similar except the basal-plane moments in the cone phase (below
T.) are slightly smaller (equal to the calculated moments) than the results of Habenschuss
et al. ©, Ist harmonic and A 3rd harmonic.

the principal axes equal to a, and a,) shows that if the direction of the major axis
is equally distributed among all directions in the basal plane then the neutron diffrac-
tion pattern will be the same as if the hodograph had been a circle with the radius
[(a? + a3)/2]'%. The presence of a hexagonal anisotropy, Bes, may cause staggering
effects (a preferred orientation of the ellipse) but as long as all a directions are equival-
ent the diffraction pattern is unaltered. Consequently the amplitudes of the basal-
plane harmonics determined experimentally ((J,) = {J,>) are compared, in figure
4, with the geometric mean values of the calculated harmonics of {J,> and {J,>.
Whereas the calculated values of the higher harmonics are somewhat larger than
the measured ones the first harmonic of {J,> (below 40K) is deduced to have an
amplitude which is smaller than the experimental value. These differences are presum-
ably strongly correlated with the discrepancies present in the case of the ¢ axis
moments.

Table 4. The calculated moments, {J;>, of the equilibrium configuration in Er at 40 K.
i denotes one of the seven different hexagonal layers of the period. The relative lengths
of the moments are given, and as an example is given the expansion of (Ji) as considered

in the text.

i h I I [T
1 4129 0-050 2461 0-641

2 1-300 00358 6441 0-876

3 —0638 0057 6:654 0-891

4 —-2-162 0-041 5030 0-756

S —2:201 - 0046 -5571 0799
6 —0-342 —0-061 —6-733 0-899
7 1-729 —0-049 — 6090 0-844

{JP> = T7895sin(i x 51-43° — 44-8%) + 1-643 5in (3i x 5143° — 131:6°)
+ 0-809 sin (Si x 51-43° + 151-3°) + 0-313sin(7i x 51-43° + 90°)
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Er 40K 6 1‘ 5
T . 7
s ~
/ 675 \

/ \

425 |

—

_/

Figure 5. The calculated moments of Er at 40 K projected on the x—z plane and displaced
to a common origin. This is the configuration given by table 4 from which it appears
that the y axis moments are negligible. i equal to 1, 2,..., 7 designates the moment of
the ith hexagonal layer. The hodograph is very close to the ellipse that has its axes
equal to 4:25 and 675 as displayed in the figure.

The all round agreement between the calculated and experimental diffraction pat-
tern at 40K indicates that the magnetic structure calculated at this temperature
should be very similar to the real structure. In table 4 the calculated moments, {(J3),
for the seven different planes are tabulated. As appearing from the table only one
of the basal-plane components is of any importance implying that the hodograph
of the total moments is very closely confined to the x-z plane. In figure 5 is shown
the x-z plane of the hodograph at 40K, and it appears to be an almost perfect
ellipse. Further, the calculations indicate that the staggering effect due to Bgg is
very small

The magnetic structure depicted in figure 5 was calculated to be the configuration
present in the whole intermediate phase, namely, a hodograph of the moments which
is an ellipse with its major axis close to the ¢ direction. No tendency towards tilting
the ellipse by more than a few degrees was found. Between 18 K and 22 K the funda-
mental wavevector is observed to correspond precisely to an eight layer structure
(Habenschuss et al 1974). This value of the wavevector favours a pure square-wave
arrangement of the ¢ axis component (a constant length of the ¢ axis moments).
Although the ‘squaring up’ is approached more closely by the calculated ¢ axis
moments than observed experimentally we found that the length of the ¢ axis
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moments was still varying by 8% in the case of the eight layer structure. As far
as the results for the cases of the seven and the eight layer structures were comparable
no significant differences were detected.

The basal-plane configuration is clamped to the modulated structure of the ¢
axis moments. The basal-plane component attains its maximum valud when the ¢
axis moment is smallest and vice versa in accordance with the plane elliptical arrange-
ment shown in figure 5. This clamping effect immediately explains the observation
of the relatively large intensities of the third and fifth harmonics in the diffraction
pattern of the basal-plane moments. The structure shown in figure 5 implies a smaller
variation of the length of the total moments than produced by the corresponding
helical ordering of the basal-plane moments, and this holds true until the ¢ axis
moments are very close to constitute a regular square wave.

Although the differences between the calculated and measured moments introduce
some uncertainties these MF calculations strongly indicate that the ‘squaring up’ of
the ¢ axis moments in Er above T; is not approached sufficiently to justify a model
of a helical ordering of the basal-plane moments. Instead it is much more likely
that the elliptical arrangement of the moments in a plane perpendicular to the basal-
plane is an adequate model in the whole range of the intermediate phase.

The paramagnetic Curie temperatures suggest #(Q) — #(0) to be equal to
0-10 meV as in figure 1, however, a MF analysis of the conical phase indicates that
this difference is smaller (as already noticed by Jensen 1974). The present set of
parameters does not predict the ferromagnetic ordering of the ¢ axis moment below
T.. The free energy of the cone structure is calculated to be —81 meV/ion at zero
temperature whereas the mean value of the free energy of the ‘intermediate’ phase
is lower (about —9-5meV/ion). The MF calculations predict a first-order transition
at T, only if #(Q)—~ #(0) is reduced to about 0-06 meV. Using a value of this
difference which is too large the intermediate phase becomes stable down to zero
temperature, but other aspects of the behaviour of the metastable cone structure
are not necessarily affected (as this discrepancy could be due to K(gq)).

The effective hexagonal anisotropy, Bge, is relatively small and the calculated
cone structure is only slightly distorted. If the effective B¢, had been of the same
magnitude as the single-ion parameter determined by Heg and Touborg (1974, see
table 2) then the fifth and seventh harmonics of the basal-plane moments induced
by Bgs would have been detectable and distinct energy gaps due to Bgg would
have been present in the spin wave spectrum. These effects are not observed which
is consistent with the value of the effective By deduced from the magnetization
data.

When a field is applied along the ¢ direction only the cone angle is changed. The
application of a field in the basal plane implies a radical change of the structure.
This situation has been analysed by Nagamiya and co-workers (Kitano and Nagamiya
1964, Nagamiya 1967). At small fields the spiraling of the basal-plane moments is
only distorted slightly so as to produce a small ferromagnetic component along the
field. At a critical field, H,, the distorted spiral changes abruptly into a fan structure
in which arrangement the parallel component is close to a ferromagnetic alignment,
This transition appears as the jump in the magnetization curve shown in figure 2, at
H = H, = 20kOe. As the field is increased the amplitude of the oscillating basal-
plane component perpendicular to the field (the opening angle of the fan) decreases
monotonically. According to the mF calculations of Nagamiya and co-workers a
second-order transition to a pure ferromagnetic state with the moments lying at an
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angle near that of the original cone occurs at the field H;

sin 0
glg

H; = UIAQ) = F0] + $J[H25(2Q) — A 5(0)] sin 6} (15a)

when including the effect of .#,,(q) and neglecting Bge. The critical field, H_, for
the spiral to fan transition is calculated by Nagamiya and co-workers to be given
approximately by

H, = iH,. (15b)

e

Using this equation we calculate H; = 33 kOe with #(q) and #5,(q) of figure 1.
Direct model calculations agree with the value of H; by indicating the critical field
to be around 35 kOe. The hexagonal anisotropy has a negligible effect on H,, but
the possible magnetoelastic couplings may contribute to the experimental value of
H_., however, these contributions are presumably aiso very small (21kOe). Thus
the discrepancy between the experimental and calculated critical field has to originate
from thetwo-ioncouplings,and itsuggeststhat the difference #(Q) — _#(0)hasto be scaled
with a factor of the order of # as for the energy considerations above.

Except for the location of the critical field the calculated basal-plane magnetization
data are in fair agreement with the experimental results (when displacing the calcu-
lated curves so that H, and H, coincide). In the model calculations the field, H;,
for a complete ferromagnetic alignment was found to be about 100kOe which is
somewhat larger than H; = 2H, = 66 kOe suggested by equation (15). This disagree-
ment is presumably produced by the field dependence of C;, (11) (Er is not a perfect
spin wave system). The effect agrees qualitatively with the neutron experiment of
Rhyne and Pickart (1971) who observed the fan structure to exist still in a field
of 60 kOe applied in the basal plane (which is more than 2H (exp) = 40 kOe). The
observation of an abrupt change of the magnetization along the g direction (easy
axis) at a field of the order of 120 kOe was not reproduced by the present calculations
(magnetoelastic effects may play an important role in this transition), instead they
predict the ferromagnetic alignment of the ¢ axis component to be unstable above
150 kOe with respect to the formation of an oscillating moment.

5. Discussion

The magnetic moments in Er arrange themselves in different very complex configur-
ations depending on the temperature. In spite of the complexity of the magnetic
structure we have shown that it is possible to attack this ground state problem
and obtain meaningful results using a simplifying MF approximation. A reasonable
fit to most of the features of the neutron diffraction results and to the magnetization
data (at 42 K) was achieved using only five independent parameters. The explicit
model calculation presented supports the earlier MF calculations by Miwa and Yosida
(1961) and Nagamiya (1967) introducing only a new aspect to the transition at low
temperatures between the fan and the ferromagnet occuring when a field is applied
in the basal plane.

The existing discrepancies indicate that the MF Hamiltonian deduced is incomplete.
However. the way in which improvements should be performed is not obvious. The
comparison between the effective and the ‘single-ion’ crystal-field parameters in table 2



1158 J Jensen

and also the paramagnetic Curie temperatures indicate the presence of axial two-ion
anisotropy as for example K(q) defined by (10). The temperature dependence of the
fundamental wavevector, Q (Cable er al 1965, Habenschuss et al 1974, Atoji 1974)
demonstrates that the two-ion coupling is temperature dependent (and/or that higher-
order axial two-ion anisotropy is present) The high temperature estimate of
£(Q) = 4(0) (plus K(Q) — K(0)) to be 0-10meV together with the smaller value
of ~0-06meV determined by T. shows that this difference cannot be expected to
be independent of the temperature. The calculated value of the critical field H, at
42K is about 509, larger than the experimental value which also suggests a smaller
difference #(Q) — #(0) (but without any contributions from K(q)). Such a demand
interferes with the interpretation of the spin wave data (which determine _#(q) rather
than #(q) + K(g)). The spin wave dispersion relation in the ¢ direction of Er at
45K may be reproduced by the two-ion Hamiltonian defined by (1) by a set of
coupling parameters which predicts a critical field H,, (15), in agreement with exper-
iments. This fit requires an anisotropy constant L, (12), equal to 30meV (whereas
the magnetization data and these MF calculations agree with the value of 20 meV
deduced by Jensen 1974), and it does not produce the observed behaviour of the
intensities of the inelastic scattered neutrons. In the analysis of the spin wave data
(Jensen 1974) it was concluded that J;,(q) is an important factor (because of its
weight); the presence of other kinds of anisotropic two-ion couplings was not excluded.
The difference between the calculated and experimental values of H, may be explained
by introducing other types of two-ion anisotropy as well as by the change of L.
Here we may add that the present MF calculations support the indications of a very
complex nature of the two-ion coupling in Er.

In a discussion of the origin of the two-ion anisotropy in the rare earth metals
(see for an example Birgeneau et al 1974) it is of vital interest to attempt a distinction
between effects arising from tensor operator couplings for which the ranks of the
tensors are both even (electric multipole couplings) or both odd (dominated by the
exchange coupling). At present, such a differentiation is not possible in Er. #3.(q)
appears in the two-ion Hamiltonian, (1), as a pure quadrupole interaction, however,
the spin wave energies of the cone phase are changed negligibly (less than O:1 meV,
and H; is unaffected) if this anisotropy term is replaced by the exchange term:

~% ) An(ij)[16J3(3cos?0 — D)7 {[J.(J7) + (VTP . L[J.(J7)

i#Fj

+ (7)1, + he)

(A 2,(ij) is kept unchanged). This replacement will not affect the present calcula-
tions very much either, because the contribution of 2", ,(if) to the free energy (below Ty )
is at maximum a factor of five smaller than that of the isotropic two-ion coupling.

The crystal-field parameters derived by the MF analysis of Er are effective, model-
dependent parameters. Although these parameters are determined unambiguously by
the magnetization data at 42 K and the two Néel temperatures the apparent necessity
of introducing other kinds of two-ion anisotropy besides £3,(¢q) makes this determina-
tion arbitrary. Further, it is not possible to isolate the crystal-field parameters from
intra-planar two-ion contributions (as for example the contribution 45 to Bag)
because of the ferromagnetic ordering of each particular hexagonal layer. Considering
these uncertainties the effective crystal-field parameters are in reasonable agreement
with the single-ion parameters determined by Hog and Touborg (1974).
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The lack of detailed agreement between the calculated and the experimental neu-
tron diffraction pattern just above T, makes the discussion of the magnetic configur-
ation present at these temperatures less conclusive. However, according to the trends
of the MF calculations the magnetic arrangement between 18 K and about 30 K should
be near a cycloid structure for which the hodograph is a circle perpendicular to
the basal plane. Because of the presence of the higher harmonics this structure does
not imply that the first harmonics of \/2¢(J,> and (J.> are of equal magnitude
(for instance the minor axis in figure 5 is almost twice the value suggested by the
first harmonic of <(J_>). This configuration is equivalent to the tilted helix considered
by Sherrington (1973) with the tilt angle equal to 90°. The elementary excitations
in this temperature range should be mostly spin-wave like as in the model considered
by Sherrington, although longitudinal spin excitations might also be important. How-
ever, the complexity of the ground state configuration will make it very difficuit
to extract any useful information from the inelastic neutron scattering. At higher
temperatures the length of the magnetic moments is varying and the tilt-helix model
is no longer adequate.

The strong tendency of the moments in the intermediate phase to be confined
within a plane, as indicated by the MF calculations, is not easily detected experimen-
tally. The application of an external field will produce an effect that is similar to
the case in which the basal-plane moments are spiraling in a regular fashion. Magnetic
dipolar forces may be able to create a preferred orientation of the planes, when
using a4 sample which is not cylindrical with respect to the ¢ axis, however, this
effect is presumably quite small.
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