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A finite-time generic model to describe the behavior of real refrigeration systems is discussed. The model accounts for finite heat
transfer rates, heat leaks, and friction as different sources of dissipation. The performance characteristics are cast in terms of
cooling rate (r) versus coefficient of performance (w). For comparison purposes, various types of refrigeration/heat pump systems
are considered: the thermoelectric refrigerator, the reverse Brayton cycle, and the reverse Rankine cycle. Although the dissipation
mechanisms are different (e.g., heat leak and Joule heating in the thermoelectric refrigerator, isentropic losses in the reverse Brayton
cycle, and limits arising from the equation of state in the reverse Rankine cycle), the r−w characteristic curves have a general loop
shape. There are four limiting types of operation: open circuit in which both r and w vanish in the limit of slow operation; short
circuit in which again r and w vanish but in the limit of fast operation; maximum r; maximum w. The behavior of the considered
systems is explained by means of the proposed model. The derived formulae could be used for a quick estimation of w and the
temperatures of the working fluid at the hot and cold sides.

1. Introduction

Classical thermodynamics places bounds on thermodynamic
measures based on reversible assumptions [1, 2]. The
resulting bounds often have limited practical value because
reversible operation means either zero rate of operation
or infinite system size. Finite-time thermodynamics (FTT)
extends thermodynamic analysis to include finite-time con-
straints, for example, finite heat transfer rates, heat leaks,
and friction while maintaining a finite process/cycle time
[3]. These methods derive more realistic upper bounds on
performance, often including the path for achieving such
upper bounds. The methods of FTT have been applied
to numerous thermodynamic systems [4–19]. Heat engines
were treated extensively, and an expression for the efficiency
at maximum power production of a heat engine that operates
between two heat reservoirs at temperatures TH and TC

under the limitation of Newtonian heat transfer was found
to be given by the simple expression [4]

ηCA = 1−
√

TC

TH
. (1)

Also refrigeration/heat pump systems were originally
treated with finite heat transfer rate as the sole dissipation
mechanism [15–18]. Later, reciprocating chillers [19] were
analyzed and their characteristics compared to experimental
data. The effect of heat leak and friction on the performance
of heat engines were addressed by [5, 11, 12]. The effect
of heat leak on the performance of refrigeration/heat pump
systems was also addressed by [14], and their characteristic
flows were described using power degradation or power
coefficient of performance coordinates.

A number of studies addressed analyses of different
refrigeration systems using finite-time methods under dif-
ferent modes of irreversibility and for different heat transfer
laws. These studies include optimization of endoreversible
and irreversible vapor absorption refrigeration systems with
external and internal irreversibility [20] and an exergetic
efficiency optimization of an irreversible heat pump working
on a reversed Brayton cycle [21]. Their general performance
characteristics were reported in [22]. Optimal performance
of a Carnot heat pump under the condition of mixed heat
resistance [23], a nonendoreversible Carnot refrigerator at
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Real refrigeration systems

1

2

4

3C
oo

lin
g

ra
te

(r
)

Coefficient of performance (w)

(1) Open circuit limit (slow operation).
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Endoreversible model

Figure 1: Cooling rate versus coefficient of performance for
the endoreversible heat pump model where finite heat transfer
rate is the sole source of losses (dashed curve) and for real
refrigeration systems (solid curve). There are four distinct limiting
operation points for real systems: The open circuit limit (heat leak
dominated); maximum w (coefficient of performance); maximum
r (cooling rate); the short circuit limit (friction dominated).

maximum cooling power [24], and a fundamental optimal
relation of a generalized irreversible Carnot heat pump with
complex heat transfer law [25] are further examples based
on this ideal cycle. These were contrasted in [26] by an
optimization of real operating refrigeration machines.

Several other objective functions have been proposed. An
“ecological” function combines maximization of power with
minimization of losses (entropy production) [27]. A related
“ecological coefficient of performance,” defined as the ratio
of the cooling load to the rate of availability loss (or entropy
generation rate) [28], has considerable intuitive merit. Com-
pactness is favored by the objective function “power density”,
that is, power produced relative to maximum volume of
the cycle [29]. Economic considerations were introduced by
a thermoeconomic optimization of a two-stage combined
refrigeration system [30] and by a profit rate performance
optimization of a generalized irreversible refrigeration/heat
pump cycle [31].

In the present study, the finite-time analysis of refrigera-
tion/heat pump systems is extended to include friction, solid,
and fluid, as another important source of dissipation. The
characteristics are demonstrated in cooling rate (r) versus
coefficient of performance (w) coordinates. The observed
characteristics are compared to the characteristics of real
refrigeration/heat pump devices, and simple formulae for
quick estimate of w and the temperatures of the working
fluid at the hot and cold sides are proposed.

We show that refrigeration/heat pump devices have a
common generalized performance characteristic, as derived
from the aforementioned generic model in finite time. For
comparison purposes, different thermodynamic systems of
refrigeration/heat pump are analyzed, for example, the ther-
moelectric refrigerator, the reversed Brayton cycle, and the
reversed Rankine cycle. In each cycle, the major dissipation
mechanisms are considered, for example, heat leak and

Joule heating in the thermoelectric refrigerator, isentropic
losses or inefficiency due to fluid friction in the turbine and
compressor in the reversed Brayton cycle, and the limitations
that arise from the equation of state in the reversed Rankine
cycle. For each cycle, the r − w curve is derived using FTT.
The general shape of this curve is shown in Figure 1 for the
endoreversible generic model in which finite heat transfer
rate is the sole source of dissipation (dashed curve), along
with the loop-type shape for real systems (solid curve).

Apparently, there are four limiting types of operation:
open circuit in which both r and w vanish in the limit of
slow operation; short circuit in which again r and w vanish
but in the limit of fast operation; maximum r; maximum w.
For some real devices, it is not possible to measure all four
operating points due to practical limitations, for example, a
maximum temperature limit or a maximum pressure limit.

The current analysis falls into two major parts. First,
to gain theoretical and basic understanding of refriger-
ation/heat pump systems, we analyze different types of
systems and highlight the major dissipation mechanisms for
the different cycles. By a sensitivity study of the effect of
the losses, the potential improvements are demonstrated.
Second, a generic model is proposed to describe the behavior
of practical refrigeration/heat pump systems. The derived
formulae can be used for quick estimates of the performance
criteria of real systems, primarily in the early stages of design.

The paper is arranged as follows. In Section 2, the
methodology and basic definitions are introduced. In
Section 3, the thermoelectric refrigerator is considered. In
Section 4, we analyze the reversed Brayton cycle. In Section 5,
the reversed Rankine cycle is discussed. In Section 6, the
generic model in finite time to describe the characteristics
of real refrigeration/heat pump systems including heat leak
and friction is studied, and finally conclusions are given in
Section 7.

2. Methodology

A refrigeration/heat pump system is a device that removes
heat from a cold reservoir and delivers heat to a hot
reservoir. This is accomplished by applying power input to
the machine. An elementary picture of a heat pump is made
up of a heat exchanger to a cold reservoir at temperature
TC , a heat exchanger to a hot reservoir at temperature
TH , a “compressor,” and an “expander”. The cooling rate
r of a refrigeration system is defined as the instantaneous
cooling power or the average amount of heat that is extracted
from the cold reservoir per cycle time. The efficiency of the
refrigeration systems is measured in terms of the coefficient
of performance w defined as the ratio between the cooling
rate and the power input P to the machine.

In this work, different cooling devices are analyzed with
their major dissipation mechanisms. For each cycle type, the
r−w characteristic curve is derived based on FTT. The power
input to the machine is derived from the energy balance (first
law of thermodynamics) for a cyclic process and is given by

P = h− r, (2)
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where h is defined as the rate of heat discharged to the hot
reservoir. The second law of thermodynamics for a cyclic
process requires the entropy balance

∫ τ

0

(
h

Th
− r

Tc

)
dt = 0, (3)

where τ is the cycle time,Th is the temperature of the working
fluid on the hot branch, and Tc is the temperature of the
working fluid on the cold branch of the cycle. Finally, the
coefficient of performance is defined as

w = r

P
. (4)

As stated earlier, the r−w characteristic curves will be derived
for the different refrigeration/heat pump systems, and their
general behavior is discussed in the following sections.

3. The Thermoelectric Refrigerator

In 1822, Seebeck observed that if a closed circuit is made
of two dissimilar metals, an electrical current will flow
in the circuit when the two junctions are maintained at
different temperatures [32]. In 1834, Peltier observed the
inverse effect. If an electrical current flows across the
isothermal junction between two dissimilar metals, heat is
either absorbed or produced [32]. In 1851, Thomson pointed
out a third effect which relates heat absorbed or produced
in a conductor to the temperature gradient along it and the
current flowing through it [32]. The Thomson effect is small
compared to the Peltier effect in thermoelectric cooling and
will be neglected here.

Seebeck Effect. For a small temperature difference between
the two junctions of any materials A and B, the open circuit
voltage V developed is proportional to the temperature
difference ΔT and is given by

V = αABΔT , (5)

where αAB is the difference between the absolute Seebeck
coefficients for materials A and B (semiconductors are
usually used for thermoelectric systems).

Peltier Effect. In the reverse process where the junction is
connected to a battery to provide a direct current I , heat
will be absorbed or produced at the junctions between
the dissimilar materials. The absorbed or produced heat is
proportional to the electrical current. Lord Kelvin showed
that the proportionality constant is given by the product
of the Seebeck coefficient and the absolute temperature T .
Hence, heat Q absorbed or produced per unit time at the
junctions between two dissimilar materials is given by

Q = αABIT. (6)

There are two additional effects always present in a real
thermoelectric circuit which limit its performance: the Joule
heating effect (ohmic resistance) and heat leak between the

Thermoelectric refrigerator
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Figure 2: Schematic of the thermoelectric refrigerator.

two junctions. The best materials for thermoelectric devices
are semiconductors which provide a compromise between
the two conflicting requirements, a good electric conductor
and a good thermal insulator.

A complete circuit (Figure 2) is constructed from two
dissimilar materials, for example, n and p type semicon-
ductors. There are two junctions in the circuit, a hot and
a cold junction where heat is produced and absorbed,
respectively. The temperature gradient between the hot and
cold junctions is not linear because of production of Joule
heat within each conductor.

By considering the steady state condition at the junctions
and the total input power, the characteristics of such a couple
may be deduced. The following assumptions are made: the
resistivity and thermal conductivity of the materials are
independent of temperature, and heat exchange between the
thermocouple and its environment occurs only at the hot and
cold junctions.

Steady state balance at the cold junction, which is the
Peltier cooling, is made up of the heat conducted through the
couple conductors plus the ambient heat absorbed (useful
heat pumped):

αTCI = κΔT +
I2R

2
+ r (7)

or

r = αTCI − κΔT − I2R

2
, (8)

where κ is the thermal conductance of thermocouple con-
ductors, I is the electrical current, r is the rate of heat
absorbed at the cold junction, R is the electrical resistance
of couple conductors, TC is the cold junction temperature,
TH is the hot junction temperature, ΔT = TH − TC is the
operating temperature difference, and α = αpn = αp − αn
is the difference between the absolute Seebeck coefficients of
the p and n materials.

The power P required to obtain the rate of cooling of (8)
is given by

P = IV = I(IR + αΔT), (9)

where V is the voltage applied across the junctions. The
applied voltage is the sum of two terms, the voltage drop
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which always occurs in an electrical conductor, plus that
required to overcome the Seebeck voltage. The coefficient of
performance w is thus given by (4),

w = r

P
. (10)

The so-called figure of merit Z of the thermocouple

Z = α2

κR
(11)

is the most important overall parameter associated with a
thermoelectric material [32]. The higher it is the better the
performance of the thermoelectric couple. It is obvious from
(11) that a high Seebeck coefficient, low electrical resistivity,
and low thermal conductivity are essential.

For convenience, we define the following dimensionless
quantities:

r∗ = rR

α2T2
C

,

I∗ = IR

αTC
,

T∗C =
TC

TH
,

P∗ = PR

α2T2
C

,

Z∗ = Z(TC + TH)
2

.

(12)

Using the definitions equations (12), (8)–(10) become

r∗ = I∗ − I∗2/2 −
(
1/T∗2

C − 1
)

2Z∗
,

P∗ = I∗
(

1
T∗C

− 1 + I∗
)

,

w = I∗ − I∗2/2− (1/T∗2
C − 1

)
/2Z∗

I∗
(
1/T∗C − 1 + I∗

) .

(13)

Figure 3 presents sample plots of r∗ versus w for different
values of the figure of merit Z∗. Typical values of Z∗ for
practical materials are close to 1.0. In this paper, different
values of Z∗ in the range 0.3 to ∞ (Z∗ = ∞ corresponds
to no heat leak losses) are considered, and the potential
improvements are shown in Figure 3.

From Figure 3, we recognize the four major operation
points (as marked in Figure 2): open circuit limit for
infinitely slow operation or zero electric current in which
case both r∗ and w vanish while heat leak dominates; short
circuit limit for fast operation where again r∗ and w vanish
and frictional effects dominate; maximum w; maximum r∗

operating points.
It is important to note that for practical values of Z∗ the

value of the maximum coefficient of performance is not very
different from the value of the coefficient of performance at
maximum cooling rate but that the two values separate as the
value of Z∗ becomes larger. The maximum w point reaches
the reversible limit when Z∗ becomes infinite; in this limit,
the effect of heat leak is negligible.
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Figure 3: Dimensionless cooling rate (r∗) versus coefficient of
performance (w) for the thermoelectric refrigerator. Plots are
presented for different values of the figure of merit (Z∗) in the range
0.3–∞, where Z∗ = ∞ corresponds to lossless operation.
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Figure 4: Schematic of the reverse open Brayton cycle.

4. The Reverse Brayton Cycle

An open reverse Brayton cycle is considered with air as the
working fluid. For simplicity, we assume that the working
fluid is an ideal gas. Figure 4 is a schematic diagram of the
cycle and shows its basic elements.

The basic cycle assumes reversible operation of the
compressor and turbine. These ideal processes are assumed
to be isentropic, that is, reversible adiabatic processes. The
observed r − w curve following these assumptions is similar
to the observed curve from the endoreversible model for
refrigeration systems.

In estimating the performance of real cycles, pressure
losses should be accounted for in heat exchangers, regener-
ators, and in ducting. In this paper, such losses will not be
included but are assumed to be minimal [33]. The major
losses considered here are due to imperfections of the turbo
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machinery, the compressor, and the turbine. The losses are
conventionally measured in terms of the isentropic efficiency
(which indicates the deviations from isentropic processes
due to fluid friction) of the turbine and compressor. The
thermodynamic analysis of the basic heat pump model may
be summarized as follows.

The equation of state for an ideal gas with the assumption
of isentropic processes (reversible adiabatic processes or,
equivalently, constant entropy processes) leads to

pVγ = const, (14)

where p is the pressure, and V is the volume of the working
fluid, respectively. γ is the ratio between the specific heat at
constant pressure and the specific heat at constant volume
of the working fluid. The isentropic temperature ratio a is
defined as

α ≡ T2

T1
≡ T3

T4
≡
(
p3

p4

)(γ−1)/γ

≡
(
p2

p1

)(γ−1)/γ

, (15)

where Ti, i = 1, . . . , 4 are the temperatures of the working
fluid at different stages of the cycle, as shown in Figure 4.

Applying the first law of thermodynamic to the turbine
and compressor processes, the average net power is derived
and is given by [33]

P = ṁCpT3

(
T∗C
ηc
− ηt

a

)
(a− 1), (16)

where ṁ is the flow rate, and Cp is the specific heat at con-
stant pressure condition of the working fluid, respectively;
T∗C is the ratio between T3 and T1; ηt and ηc are the isentropic
efficiencies of the turbine and compressor, respectively.

First law analysis of the cold reservoir leads to the
expression for the average cooling rate

r = ṁCpT3

(
T∗C − 1 + ηt

(
1− 1

a

))
. (17)

Finally, the coefficient of performance is given by

w = r

P
= T∗C − 1 + ηt(1− 1/a)

(a− 1)
(
T∗C /ηc − ηt/a

) . (18)

Examination of the expressions for the cooling rate and
coefficient of performance shows that w vanishes at both
limits of slow and fast operation, whereas r vanishes only in
the limit of slow operation, the open circuit limit. For slow
operation, the isentropic temperature ratio a is slightly above
unity as derived from the requirement of positive cooling
rate. The fast speed limit is achieved by an infinite value of a
for which w vanishes but not r. The resulting characteristics
are shown by the r − w curves in Figure 5. The cooling rate
(relative to its maximum value in the case of ideal processes,
i.e., ηt = 1) is plotted versus the coefficient of performance
for different values of isentropic efficiency.

For simplicity, the isentropic efficiencies of the turbine
and the compressor are chosen equal. The range of these
efficiencies is chosen in the range 0.8–1.0 to represent
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Figure 5: Dimensionless cooling rate (r∗) versus coefficient of
performance (w) for the reverse Brayton cycle. Plots are presented
for different values of the isentropic efficiency ηt in the range 0.8–
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Figure 6: Schematic of the reverse Rankine cycle.

practical values, approaching the ideal limit of 1. Although
the full characteristic curve is shown, it is possible to measure
only part of it due to practical limitations, that is, maximum
pressure and maximum temperature limits. The observed
maximum point of the coefficient of performance is small
(compared to the maximum point of reversible processes)
for practical values of isentropic efficiency (0.8–0.9). The
potential improvements are evident in Figure 5.

5. The Reverse Rankine Cycle

The reverse Rankine cycle is widely used for heating and
cooling in heat pump, air conditioning, and refrigeration
systems. The basic elements of the cycle are a compressor, a
condenser (hot reservoir), an expansion valve, and an evap-
orator (cold reservoir) (see Figure 6). The thermodynamic
analysis of the Rankine cycle may be based on three different
principles. (i) The Carnot cycle which assumes isothermal
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heat addition and rejection processes, coupled with reversible
adiabatic expansion and compression, respectively. The
maximum coefficient of performance depends on the ratio
of the reservoir temperatures

wrev = TC/TH

1− TC/TH
, (19)

where TC and TH are the cold reservoir temperature and the
hot reservoir temperature, respectively. This result is useful
primarily as the ultimate reference with which to compare
the performance of real cycles. (ii) The other extreme would
be an experimental comparison of refrigerants in full-size
equipment. While this approach would be necessary to fully
evaluate a fluid, it is not suited for an initial screening of
fluids because of the large number of equipment parameters,
in addition to fluid properties, which would influence the
performance. (iii) An intermediate approach is required. The
next level of detail beyond the Carnot cycle is the theoretical
vapor compression cycle. This assumes a reversible isentropic
compression process while the condenser and evaporator
operate at constant pressure with the refrigerant exiting
as saturated liquid and vapor, respectively. The reversible
expansion process of the Carnot cycle, typically carried out
by a turbine, is here replaced by an irreversible expansion at
constant enthalpy, representing a simple throttle. The the-
oretical vapor compression cycle can be extended to include
heat transfer limitations. A practical vapor compression cycle
would account for the effects of pressure drop, compressor
isentropic efficiency, condenser subcooling, and evaporator
superheating. This approach could permit a comparison of
refrigerants taking into account most of the nonidealities
present in real systems, but with the equipment specified
in a generic fashion. Working with reduced quantities [34]
for a characteristic refrigerant, all possible working fluids
may be considered at the same time. The principle of
corresponding states provides a way to compare various
fluids on a fundamental basis. This principle expresses the
observation that, when scaled in terms of reduced properties,
many fluids are nearly identical. (A reduced property is the
ratio of a quantity to its value at the critical point.)

A model of the reverse Rankine cycle has been analyzed
for a variety of different working fluids based on the
assumption of corresponding states [34]. The real equation
of state of the refrigerant working fluid was assumed to
be of the Carnahan-Starling-Desantis (CSD) form. This
equation of state is given as (1) and coupled with (2)–
(5) and Figures 1–3 of [34]. For a given ratio TC/TH ,
the performance characteristics, that is, heating load and
coefficient of performance, were calculated as functions of
the condenser temperature. The results were presented using
the heating load and the coefficient of performance for
heating versus the reduced condenser temperature (Figures
5 and 6 in [34]). The cooling rate versus coefficient of
performance is extracted from those plots for the case of
TC/TH = 0.9 and recast using r −w coordinates (Figure 7).

The conclusion from this analysis was that the maximum
w operation point is not observed, but there is a maximal
cooling rate. Besides the limitation of the equation of state,
the Rankine cycle suffers mainly from losses in the expansion
valve which is an irreversible adiabatic process (constant
enthalpy process). This could be viewed as a friction type
dissipation source which leads to a maximum in cooling rate
(fast operation mode). This role of friction is exhibited also
by the thermoelectric refrigerator.

A key feature of the Rankine cycle is a phase change in the
working fluid [34], and the two isothermal steps correspond
to condensation of the fluid at TH and evaporation at TC .
The cycle has intrinsic irreversibilities associated with the
free expansion of the liquid to the temperature at which
condensation occurs. The largest reduction in w occurs in
the heat exchangers due to finite temperature differences.

In the next section, a generic model for refrigeration/heat
pump devices will combine all of the previously considered
effects into one simple model.

6. Finite-Time Model for
Refrigeration/Heat Pump Systems

In this section, we present a finite-time model to describe
the principal characteristics of real refrigeration/heat pump
systems. The irreversibilities are due to finite heat transfer
rates, heat leak, and friction, fluid as well as solid.

Consider a generic heat pump which operates between
two heat reservoirs, the hot reservoir at temperature TH and
the cold reservoir atTC . The temperature of the working fluid
on the hot side Th is higher than the reservoir’s temperature
due to finite rate of heat transfer. The temperature of
the working fluid on the cold side Tc is lower than the
temperature of the cold reservoir, again due to finite heat
transfer rates. In addition, there is a heat leak directly from
the hot reservoir to the cold reservoir. As an example to
understand this term, consider the household refrigerator.
Heat leaks constantly from the surroundings (hot reservoir)
into the inside of the refrigerator (cold reservoir). When the
compressor operates, this heat leak is negligible compared
to the refrigeration. However, during the period when the
compressor is not operating, the heat leak is the only process
so its effect is no longer negligible but rather determines
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the time period between compressor operations. The third
dissipation term considered in the present model is due to
frictional losses which would arise from rubbing friction of
the moving parts or from fluid friction of the working fluid.
In the present study, the frictional dissipation term is taken
proportional to the square of the power input to the machine.
The effect of friction becomes important at high speeds.

The heat rejected to the heat reservoirs has three
contributions: finite heat transfer rate, heat leak, and friction.
On the hot side, friction gives a positive contribution which
could be explained as follows: the heat generation due to
friction is pumped to the hot reservoir, and the heating load
is higher than that required from reversible operation. On the
other hand, the cooling rate is reduced due to friction. The
balance equations according to the first and second laws of
thermodynamics are summarized in the following equations.

The rate of heat rejection

h = κH(Th − TH) + φHP
2 − κL(TH − TC), (20)

where κH and φH are the heat conductance between the hot
reservoir and the working fluid and the frictional coefficient
at the hot side of the system, respectively, while κL is the heat
leak conductance between the hot and cold reservoirs.

The cooling rate

r = κC(TC − Tc)− φCP
2 − κL(TH − TC), (21)

where φC is the friction coefficient at the cold side of the
system.

Finally, the power input

P = h− r = κH(Th − TH)− κC(TC − Tc) +
(
φH + φC

)
P2.
(22)

The second law now gives for a full cycle ΔS = 0 or

kH(Th − TH)
Th

= kC(TC − Tc)
Tc

, (23)

Using the following definitions

T∗ = T

TH
, P∗ = P

(κHTH)
,

x∗ = T∗h − 1, y∗ = T∗C − T∗c ,

ηC = 1− T∗C , η0 = 1− y∗

x∗
,

κ∗L =
κL
κH

, κ∗ = κH
κC

,

r∗ = r
(κHTH)

, h∗ = h
(κHTH)

,

φ∗C = φCκHTH , φ∗t =
(
φH + φC

)
κHTH.

(24)

Equations (22)–(24) can be rearranged to the following
form:

x∗ = η0 − ηC
(1 + 1/κ∗)

(
1− η0

) ,

y∗ = η0 − ηC
(1 + κ∗)

,

(25)

P∗ =
(

1±
√

1− 4η0
(
η0 − ηC

)
φ∗t /(1 + 1/κ∗)

(
1− η0

))
2φ∗t

,

(26)

r∗ = η0 − ηC
1 + 1/κ∗

− κ∗L ηC − φ∗CP
∗2. (27)

Finally, the coefficient of performance is given by

w = r∗

P∗
= r

P
. (28)

7. Heat Leak Effect Only

For the case of no frictional dissipation terms, φ∗t = φ∗C = 0,
the expression of the coefficient of performance simplifies to

w =
(

1
η0
− 1

)(
1− D

η0 − ηC

)
, (29)

where D ≡ ηCκ
∗
L (1 + 1/κ∗) and the cooling rate is

r∗ = η0 − ηC −D

1 + 1/κ∗
. (30)

The coefficient of performance has a maximum at the point
where

η0 = ηc + D

1 + D

(
1 +

√√√
1− ηc(1 + D)

ηc + D

)
. (31)

This clearly approaches the Carnot efficiency ηC as the leak
conductance κL, and thus D, vanishes.

Equations (26), (27), and (31) coupled with (24) could be
used for a quick estimate of the temperature of the working
fluid on the hot branch, the temperature of the working
fluid on the cold branch, and the coefficient of performance,
respectively, based on two parameters (assuming κ∗ = 1): the
reservoir temperature ratio T∗C and the relative value of heat
leak κ∗L .

To demonstrate the usage of these equations, we consider
the following numerical example. For a real refrigeration sys-
tem, a typical value of the ratio of heat reservoir temperatures
T∗C = 0.9, the relative value of heat leak to the conductance
of the hot side is assumed to be small, and we consider the
value of κ∗L = 0.1, along with equal heat conductances on the
hot and cold sides (κ∗ = 1). A typical ambient temperature
is TH = 35◦C. Based on these values the temperature of the
cold space is TC = 4.2◦C, and the resulting working fluid
temperatures are Th = 46.6◦C, Tc = −5.5◦C. Finally, the
estimated w is 3.5 which is about 2.5 times less than the value
of the reversible limit of 9 in this example.
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Figure 8: Maximum coefficient of performance w versus the ratio
of the reservoir temperatures (T∗C = TC/TH) as derived from the
FTT model. Plots are presented for different values of the heat leak.
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performance (w) for the generic model designed to describe the
behavior of real refrigeration systems in finite time. The assumed
sources of loss are: Finite heat transfer rates, heat leak, and friction.
Plots are presented for different values of friction while heat leak is
kept constant at κ∗L = 0.1.

This example illustrates that even small values of the heat
leak coefficient induce a large reduction in w. The assumed
value of κ∗L = 0.1 is based on the assumption of a desired heat
leak ratio of 10−4 and a time duration between compressor
operations of 1200 seconds.

The maximum coefficient of performance is plotted
versus T∗C in Figure 8. For the case of zero heat leak, the
reversible limit is recovered.

8. Effect of Friction

In addition to finite heat transfer rates and heat leak, friction
is another important source of dissipation. We assumed that
the rate of friction dissipation is proportional to the square
of the required power input. Using (26)–(28), the r−w curve
is plotted for the case of heat leak κ∗L = 0.1, φc = φt/2,
and the results are presented by Figure 9. The r − w curves
are plotted for different strengths of friction. The frictional
losses as modeled here dominate at fast operation where both

the cooling rate and the coefficient of performance vanish.
It is clear from Figure 9 that the effect of friction at the
maximum w point is negligible. Figure 9 is a typical plot
of cooling rate (relative to its maximum value for zero heat
leak) versus coefficient of performance for different strengths
of friction. For slow operation, the heat leak is dominating,
and both the cooling rate and the coefficient of performance
vanish. In the other limit of fast operation, again both the
cooling rate and the coefficient of performance vanish due to
friction (friction-dominated regime). Although the full cycle
is plotted here, it is important to remember the limitations
on temperature which lead to termination of the calculation
at some point on the plot. Obviously, no temperatures can
be negative, and materials put upper bounds on realistic
temperatures as well.

The generic model in finite time explains the behavior of
the r−w curve of real refrigeration/heat pump systems based
on the assumption of three main dissipation terms: finite
heat transfer rates, heat leaks, and friction. It is observed
that without friction the fast operation limit does not
correspond to realistic performance. Real refrigeration/heat
pump systems work in the slow operation regime due to
practical limitations of material properties.

9. Conclusions

In this paper, we analyze a series of idealized refrigera-
tion/heat pump systems. Different thermodynamic cycles
and models are considered to include various dissipation
mechanisms. Although it is not possible to measure the
full characteristic curve (as described here using r − w
coordinates) for all real refrigeration/heat pump systems,
they all have a general type of behavior (Figure 1, solid
line). The limitations are due to a maximum temperature
(thermal) and a maximum pressure (mechanical).

For the considered refrigeration/heat pump systems, we
observe four special operation points (as pointed out in
Figure 1): slow operation (heat leak-dominated regime) in
which both the cooling rate and the coefficient of perfor-
mance vanish; fast operation (friction-dominated regime)
in which again the cooling rate and the coefficient of
performance vanish; in between these two extreme points
exist the maximum coefficient of performance and the
maximum cooling rate points, respectively.

Due to practical limitations, most of the cooling systems
are designed to operate in the slow regime. The aforemen-
tioned points are illustrated using different types of systems.

The thermoelectric refrigerator is a good example of
a real heat pump, where it is possible to measure the
four operation points (Figure 3). The major dissipation
mechanisms in the thermoelectric refrigerator are heat leak
and Joule heating (ohmic resistance/friction-like term). The
most important parameter for thermoelectric refrigerators is
the figure of merit Z. High Z values could be achieved with
higher values of the Seebeck coefficient, low thermal conduc-
tivity (heat leaks), and low electric resistance. Typical values
of the dimensionless figure of merit (12) for thermoelectric
devices are in the range 0.3–1.0.
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The reverse Brayton cycle, which could be visualized as
a finite heat reservoir, mainly suffers from imperfections
of the compressor and the turbine (fluid friction). These
imperfections are described using the isentropic efficiency
of the turbine and compressor, their typical values being in
the range 0.8–0.9. For this cycle in the slow operation mode,
both w and r vanish while at the fast operation limit only w
vanishes (Figure 5).

The limitation in the Rankine cycle arises from the real
equation of state of the working fluid. Besides this limitation,
there are other losses basically due to finite heat transfer
rates and expansion losses. For the Rankine cycle analysis,
assuming a generalized equation of state (based on the
assumption of corresponding states), only the maximum
cooling rate point was observed (Figure 7).

Finally, a new general finite-time model is analyzed. The
dissipation mechanisms are finite heat transfer rates, heat
leak, and friction. As a generalized model, it exhibits the four
operating points of real refrigeration/heat pump systems.
The effect of finite heat transfer rates is considered first, and
the derived r − w curve is presented for different values of
heat leak (Figure 8). Within these assumptions, the proposed
model displays two limit points only, the slow operation
limit and maximum w point. The derived expressions for
the working fluid temperatures are given by (26)–(27), and
for w (31) coupled with (24) give formulae to estimate
the coefficient of performance based on two parameters
(assuming equal heat conductances on the hot and cold
sides, i.e., κ∗ = 1), the ratio of the reservoir temperatures
and the relative coefficient of heat leak κ∗L . For the case of
vanishing heat leak, the expression approaches the reversible
limit. In addition to finite heat transfer rate and heat leak,
friction is introduced into the model as a third important
source of dissipation. The effect of friction dominates at high
speeds, where the maximum r and short circuit points are
observed. By including friction, it is possible to explain the
general shape of the r − w curves of real refrigeration/heat
pump systems. Although the effect of friction dominates
at the high-speed limit, its effect in the low-speed limit is
negligible, and the derived formulae could be used without
any modification.
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