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Abstract

The maximum power processes of multi-source endoreversible engines with
stationary temperature reservoirs are investigated. We prove that the optimal
solution is always time independent with a single hot and a cold engine
contact temperature. The heat reservoirs fall into three groups: the hot
reservoirs which are connected at all times for heat delivery, the cold
reservoirs which are connected at all times for heat drain, and possibly a
group of reservoirs at intermediate temperatures which are unused. This
phenomenon is demonstrated for a three-source system. We find that for a
commonly used class of heat transfer functions, including Newtonian,
Fourier, and radiative heat transport, the efficiencies at maximum power are
the same as for two-reservoir engines with appropriately chosen properties.

1. Introduction reservoirs while the processes inside the reservoirs and power
converting subsystem are reversible (i.e. the endoreversibility
Heat engines with several heat sources are common for hypothesis [1]). This study thus complements earlier work on

many real-world applications such as industrial heat-recovery  staged and combined systems (see for instance, [10-19]).
systems and solar energy installations. In such installations

several different heat sources are present, which provide heat
at different rates, and, even more importantly, at different 2. Model
temperatures. For instance, in solar energy installations these
differences can come about because the angle towards the sun A model of a multi-source endoreversible heat engine is
may differ or because some solar collectors might be at a larger depicted in ﬁgure 1. It consists of a power converting
distance from the central plant and thus the losses along the Subsystem Operating reversibly between two temperature
transport pipes cause a change in the effective temperature at
the engine.

This paper investigates the performance limits for such ‘ heat contact with T, (t)
engines. In particular, we study maximum power processes %

e1 1

for an endoreversible engine [1-3] operating between several
heat reservoirs. The average power output is used as a criterion

of thermodynamic merit. Methods of averaged nonlinear
programming [4-6], which are already well established for ‘ Toq ‘ ‘ To2 ‘ LR
the optimization of thermal systems with two heat reservoirs ge 0

endoreversible
engine

[7-9], are applied to determine the maximum possible
average power output and the corresponding optimal contact
functions between the heat reservoirs and the power converting
subsystem. ‘ heat contact with T, (t)

In this model, all irreversible processes are associated
with the interactions between the heat engine and the heat Figure 1. A multi-source endoreversible engine.
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contacts 7' (¢) and 75 (¢) and of N heat sources/sinks at constant
temperatures Tp; where i € [1, N]. The heat transfer laws
between source i and engine contact o € {1, 2} have the form

Gia(Toi, To, 0i0) = Oiaqia(Toi, Ta), iell,N]. (1)
The contact functions 6;, describe the extent of the contact
between the reservoir and the engine. They are equal to one if
the ith reservoir is fully connected to contact « and are equal
to zero if there is no contact. Thus, 0 < 6;,(¢) < 1.

In the following, we assume that the functions g, (To;, Ty)
show the standard behaviour of heat transfer as a function
of Tp; and Ty, i.e. heat flows from high to low temperature:
qiot(TOiv Ta) > 0if TOi > Tou qiot(TOh T()l) < 0if T()i < Taa and
qia(TOia Ty) = 0if To; = T,

3. Power optimization

Our aim is to determine maximum power processes for this
multi-source engine as well as the efficiency at maximum
power. The system is operated under cyclic conditions with
a fixed cycle time 1y, i.e. internal energy and entropy of the
endoreversible engine is the same at the beginning and the end
of the cycle. The system is optimized for maximum average
power output P. This is equivalent to the maximization of the
time-averaged sum of the heat flows

gz (To, T1 (1), T2(1), 01 (1), 62(1))
N

= G (Toi. T 0n) + Gio(Tor. Ta. 02).

i=1

(©))

where the vectors 8, of the contact functions and the vector
Ty of the reservoir temperatures are defined as
oa = (elaa 92047 .-

"GNC{)’ (3)

Ty = (Tor, Toz, - - - Tow)- 4)

The optimization problem can be stated formally as the
maximization of the functional

I =P =q5[To, Ti(?), T2(1), 01, 03], 5
1 Trot N
I=— [ 3 @@ T 60) + Gia(Tor. T2, 612)) di
tot JO i=1
7 o) ©

by varying the engine contact temperatures 77 and 7, and all
the contact functions 6, subject to the restriction of entropy
balance

sz =5z [To, T1(2), T2 (1), 61, 0], @)
1 (7oL (G (To, Th, 6i1)
_ i1(Toi, Th, 001
o L[ (i)
Tiot Jo el T
gio(Toi, T2, 6;
+‘12(0 2 2)>dt=0. @)
T

This restriction is due to the cyclic operation of the system.
The temperatures 0 < Ti(t), To(t) < oo of the
endoreversible engine and the elements of the vector 8, of

contact functions are the 2N + 2 controls of the system. These
elements satisfy the conditions

0<0i(r) < 1 iel[l,N], ac{l,2}). (9

Equations (6)—(9) can be optimized either by using optimal
control theory or by a special kind of nonlinear programming.
As the objective as well as the constraint are both in the form of
a time average over a given interval, we will here use averaged
nonlinear programming. The Lagrangian for this problem has
the form [4-6]

N 2
2 (éil(Tou 11, 6;1) |:1 - ?1]

A
+gi2(Toi, T, 6; 1—— — max ,
qi2(Toi, T 12)[ T2]> [max,

where A is a kind of Lagrange multiplier associated with the
entropy balance, equation (8).

The theory of averaged programming [4, 5] states that
the solution for the optimal controls are piecewise constant
functions taking values out of a set of no more than m + 1 base
points where m is the number of averaged constraints of the
problem (see [6], p 78 ff).

The first point to note is thus that 7} and 7, are piecewise
constant in time. The second point is that there is only one
averaged constraint (8) here, and consequently there are no
more than two base points for the controls and in particular for
the temperatures 7,(¢) and 7»(¢). Let us call them 7; and T-.
As the optimization problem set up above is fully symmetric
in the two contacts 1 and 2, the two base points are either of
the form (71, T») = (Ty, T.) and (T, T) = (T¢, Ty), or there
is only one base point which then must have 7} = 7,. In
the latter case the engine does not produce any power, so we
exclude this case from our further considerations. In the first
case we need to discuss only one of the base points and can
thus assume 7, < T;, without loss of generality.

From a physical point of view this means that, even
though in principle the temperatures at the contacts of the
endoreversible engine could change, it is optimal to run the
engine in a stationary mode with fixed temperatures.

L=

(10)

4. Optimal contact functions

We now turn to the variation of £ with respect to the controls
0. The Lagrangean £ depends linearly on each 6;,, so that
L will attain its maximum only at the boundary values {0,1}
of the admissible range of 6;,. This determines a rule for the
contact functions:

A
1, if |:1 — T] Gio(Toi, Ty) > 0,
O (Tois Tiar) = )

A
0, if |:1 - ?:| Gia (Toi, To) < 0,
iel[l,N], ae{l 2} (11)

Let us take a closer look at this rule. gio(To;, To) < O
means that the contact & connects with reservoirs which serve
as heat sinks and thus fulfil the condition 7y, < T,. In the
opposite case, i.e. ;o (To;, T,) > 0, this implies the condition
Toi > T,. The working fluid then connects to reservoirs which
act as heat sources.
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We now distinguish three cases:
Th > T. > A:
Oin(Toi, Tn, ) = 1,
ifq,'h > 0, ie. To,' > Th,
eih(TOia Tha )") - 07
if gin <0, ie Ty < T,

(12)

Oic(Toi, Tc, ) =1,

1 k 0=
——| >
Ty
if gic > 0, ie. Ty; > T¢,
Oic(Toi, Te, 1) =0,

1 * 0=
—— | >
T.
ifq,'c <0, ie. Toi < Te.

In this case all g;, are either positive or vanishing, which means
that due to the entropy constraint all g;, have to equal zero and
thus no power is produced. We therefore exclude this case
from our further consideration.

A>T, > Tg:

13)

Oin (Toi, Tn, 1) =0,

if(]ih > 0, i.e. To,‘ > Ty,
Om(Toi, Th, M) =1,

if gin <0, ie Ty < Ty,

(14)

9ic(T0i7 T07 )\) = 0,

1 - 0=
-—| <
Ty
ifql'c > 0, i.e. T()i > Tc,
Oic(Toi, T, A) =1,

A
1-—|[<0
[z <0-
ifqic < 0, i.e. TQ,‘ < TC.

In this case all g;, are either negative or vanishing, which means
that due to the entropy constraint all g;, have to equal zero and
thus no power is produced. Again we, therefore, exclude this
case from our further consideration.

Th > A > Tg:

(15)

Om(Toi, Th, M) =1,

ifq,‘h > 0, i.e. To,' > Th,
Oim (Toi, Tn, 1) =0,

if gin <0, ie Ty < Ty,

(16)

Orc(Toi, Te, A) = 0,

1 2 0=
- — | >
Ty
ifq,'c > 0, i.e. To,' > TC,
Oic(Toi, Tc, A) = 1,

| * 0=
-—| <
T,
if(Iic <0, ie Ty < T..

In this case only reservoirs with positive g;n(To;i, Th) are
connected to the engine contact at 7y, i.e. those with Ty, > Tj,.
In the same way only negative g;.(Ty;, 1) are connected to the
engine contact at T, i.e those with Ty; < T.

Note that due to the stationarity of T;, T, and A, the contact
functions are also independent of time.

a7

5. Hot, cold, and unused reservoirs

We can now draw a number of interesting and surprising
conclusions from the structure of the optimal contact functions.
First of all it is clear that a reservoir will be at most connected
to one heat contact. Those reservoirs with temperatures
above the hot contact temperature will deliver heat, those
with temperatures below the the cold temperature contact will
receive heat. All reservoirs with temperatures in the range
between T, and T, are therefore never connected during acycle;
these reservoirs are referred to as unused reservoirs.
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As a consequence the set of N heat reservoirs is divided
into three subsets Ry, R, and R, of hot, cold, and unused
reservoirs, respectively. Note that the unused set may be empty
depending on the temperatures of the reservoir. Also, it is clear
that the hottest and coldest reservoirs are always active in a
finite power producing solution.

6. Construction of heating and cooling functions
To determine the heat flows resulting from the above rule, the

heat transfer functions for each reservoir are separated into
heat input and output functions,

T _agn(Toi, Ty, if Ty > T,
gin(Toi, Tn) = {0, T < T (18)
- 07 lf T()l' > TC»
i (Tt iy T.) = . 19
qlC( ‘ ) {qu(TOi, 1.), if Tp; < T, (19)

for each i € [1, N]. The total rate of heat input to and
from the endoreversible engine are calculated as the sum of
all contributions g3, (To;, Ty,) and g;_ (Toi, Te),

N

q*(To, To) = Y g (Toi> Tr), (20)
i=1
N

q (To, T) =) q;c(Toi, To). @1)

i=1

The heat exchange causes an entropy change of the
working fluid. The rates of entropy flow to the working
fluid are easily obtained by dividing the corresponding heat
exchange rate by the current temperature of the working fluid.
Specifically, the rates of entropy change are

*(To, Ty
(@, 1y = 0T
Ty
22)
~(Ty, Tt
S_(To, Tc) — q ( 0> c)-
T,

7. Optimal temperatures for the engine contacts

The Lagrange function (10) can now be expressed in terms of
the above-defined functions:

C

A A
L =q"(Ty, Tv) [1 - ?J +q (To, To) [1 - 7} - (23)

Already at this point it is apparent that the optimization of a
multi-source heat engine is equivalent to the optimization of
a two-reservoir heat engine with the heat transfer functions
defined above.

In order to determine the optimal temperatures we use the
optimality condition dL/9T, = 0 and 0L/97, = 0, which can
be rewritten as

ag*(To, Ty 3g*(To, Ty *(To, To)\ !
5= q*(Ty, h)T q"To, Th)  q"(To, Tv) 24)
3Th aTh Th

and

aqg— (T, T. ag— (T, T. “(To, T)\ "
:61(0 )Tc q (To.To) q~ (To, Tc) . ©5)
AT, T, T.

A
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Together with the constraint on the entropy as given by
equation (8), these equations determine the values of A, Ty,
T, for given laws of heat conduction g;(7p;, T) and reservoir
temperatures Tp;. These equations are used to analytically or
numerically calculate optimal solutions.

8. A special class of heat transport equations

We now restrict our analysis to an important subclass of heat
transport equations. This class is characterized by a special
structure in which the net heat flow is a sum or difference
of two terms, where each system contributes to the heat flow
based on just its own temperature:

Gia(Toi, To) = g2 (To) + g1 (T).

This structure includes, for instance, Newtonian heat transfer,
Fourier heat transfer, and heat transport by radiation. An
example of a transport rule that does not comply with this
structure is due to Anand:

Gia(Toi, To) = (Toi — T)" .

For transport equations of the form (26) the summed up
heat flows obey

g (To, To) = Y aiy (To) + ) gy (T

(26)

27)

i€Ry i€ERy
= ¢" (To) + ¢ (Th), (28)
q~(To, T) = Y qid(To) + ) _ 4 (Te)
i€R. i€ER.
=g (To) + ¢ (T). 29)

Thus, the system behaves as if connected to only two reservoirs.
If further the multiple sources are coupled to the engine
by transport rules with the same 7 dependent function f, i.e.

Gia (Toi, To) = aio (f (Toi) — f(Tw)),

then the summed up heat transfer functions g* and ¢~ have the
same structure

(30)

q*(To, Tn) = an(f (Ton) — f(Th)), 3D
q~ (To, To) = ac(f(Toc) — f(T0)) (32)
withdy = ) p @iq and
i 2icr, tia f (Toi)
_ 1 i€R,
T()ot - f ( ZieRa am) . (33)

Note that Newtonian, Fourier, and radiation heat transfer have
this property.

As an example, let us consider a system with three heat
reservoirs. The temperatures of these reservoirs are Ty, Topp,
and To3. Whenever they are connected to either of the two
contacts of the engine, the heat exchange is assumed to obey
a linear transport law,

qi(Toi, T) = o;(To; — T). (34)

The temperatures of the three reservoirs are chosen to be
Tor = 1, Ty, = 1.6, and Ty3 = 4. We set the heat conductances
a; = a3 = 1 by an appropriate choice of units. We then
vary the heat conductance «; of the intermediate reservoir Ty,

between 0 and 5 in steps of 0.1 and study how the behaviour
of the system changes.

The power output of these systems have been numerically
determined. In this particularly simple example we used a less
general method than the one introduced above in equations (24)
and (25). Here we expressed the heat flows at the two contacts
in terms of the respective entropy flows: ¢*(s*) and ¢~ (s7).
Whether such an approach is possible depends on the heat
transport equations: one cannot always determine the heat flow
as a single-valued function of the entropy flow. If one can, then
the advantage of this approach lies in the fact that the entropy
constraint can explicitly be fulfilled by setting s* = —s~
In our case the power output g*(s™) + ¢~ (—s*) was easily
optimized by a line search varying s*. However, the reader
should be aware that the power output might not be a unimodal
function.

In the following we analyse the dependence of the results
on the value of the heat conductance o;. The system shows a
cross-over behaviour at a critical heat conductance. This cross-
over is intimately connected to the phenomenon of unused heat
Ieservoirs.

In figure 2, the indicator function ind(c;) shows how
the intermediate heat reservoir is used. For small heat
conductances the second reservoir is not used at all, here
indicated by ind = 0, only reservoir 1 is connected to the
cold contact and reservoir 3 is connected to the hot contact.
With increasing heat conductance «; the reservoir becomes
more and more important and—at the critical point—it is
connected to the cold engine contact together with reservoir 1,
here indicated by ind = 1.

Figure 3 shows the resulting maximal power output as a
function of ap. The dots represent the results of the numerical
optimization. With increasing o, the power stays constant at
0.5 until reservoir 2 is switched on, then the power increases.

In figure 4 the corresponding efficiency at maximum
power is shown. The behaviour discussed above can be
understood in terms of a Curzon—-Ahlborn engine operating
between two heat baths.

Initially the system uses only two of the three heat

reservoirs: the hottest and the coldest. Then power and
efficiency at maximum power are those of the Curzon—Ahlborn
engine:
o103
Pop = W Tor = VTa)", (35)
o] + a3
- [Ty \ﬁ—os (36)
Nca = Tos 7= 0>

indicator function

0 1 2 3 4 5
heat conductance a»

Figure 2. The indicator function ind(«;) takes the value equal to the

reservoir together with which reservoir 2 is used or zero in case it is
not used at all.
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heat conductance a;

Figure 3. The maximal power output as a function of heat
conductance a,. Dots show the numerical solution for three
reservoirs at To; = 1, Ty, = 1.6, and T3 = 4 and conductances

o) = a3 = 1. The solid line is the optimal solution of a
Curzon—Ahlborn engine operating between reservoirs 3 and 1 only,
while the dashed line is the optimal solution for operation between
reservoirs 3 and the combined reservoirs 1 and 2.

o
I3
5y

i
o

0.45

o
N

T~eee
*oey
.o
Qooo'ooootooo..ooot
oee

efficiency at max. power

e

w

3y
O
-

2 3 4 5
heat conductance a»

Figure 4. The efficiency at maximum power. Same nomenclature as
in figure 3.

These values are displayed as a solid line in figures (3) and (4).
The dashed line corresponds to a Curzon—Ahlborn engine
which operates between reservoir 3 as the high temperature
reservoir and reservoirs 2 and 1 combined as the cold reservoir.

The results demonstrate very nicely that as soon as the
dashed line crosses the solid line, reservoir 2 is put into use.
This reservoir shows a cross-over from unused to used at
which the power output is non-differentiable but continuous,
not unlike a second order phase transition. The efficiency, on
the other hand changes, in a step-like fashion.

9. Summary

In this paper, a power-producing endoreversible engine
which exchanges heat with several (two or more) constant
temperature heat sources was considered. The heat transport
is general and includes heat transfer processes obeying
Newtonian, Fourier, and radiative heat transport. =~ One
of the interesting questions for such systems is how the
different heat reservoirs are used in an optimal fashion. The
system was optimized for maximum power output in case
of cyclic operation using averaged nonlinear programming
methods. The optimal solution shows a number of interesting
properties: first, it was shown that there are conditions where
some reservoirs should not be connected at all in order
to achieve an optimal performance of the system. These

1404

reservoirs are referred to as unused reservoirs. The hottest
and the coldest reservoir will always be used.

The second important finding is that the optimal operation
is a stationary one, where the used reservoirs and the
power-producing subsystem contact temperatures are time-
independent.

We analysed a special class of heat transfer functions
which includes the often used Newtonian, Fourier, and
radiative heat transport. For this class of transport laws
we showed that a multi-source endoreversible engine is
equivalent to a two-source engine with a particular choice of
transport laws.

These results were finally exemplified by a simple three-
heat source engine for which the heat conductance to the
reservoir with the intermediate temperature was varied.
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